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Abstract
This thesis reports the measurement of non-linear optical properties of single-walled 
carbon nanotubes (SWNTs). We report results of ‘Z-scan’, pump-probe and spectrally- 
resolved pump-probe experiments, each of which reveals different aspects of the inter­
esting non-linear optical behaviour of this novel material.
Prior to the experimental chapters, we introduce several areas of background ma­
terial useful in the understanding of our data. We firstly discuss the optical properties 
of materials, and how they are strongly affected by dimensionality. A brief overview 
of SWNTs and the source of their interesting optical properties follows. We also ad­
dress diffusion-limited two-body processes in one dimension, as these are crucial to the 
interpretation of the presented pump-probe results. The non-linear optical techniques 
mentioned above are then introduced along with the amplified ultrafast laser system 
which is the tool for the measurements.
The Z-scan technique reveals the magnitude of both absorptive and refractive non- 
linearities of materials. For our SWNT suspensions we find that the optical Kerr ef­
fect, which has many potential applications, is found to be dominated by a thermal 
leasing effect. Pump-probe measurements of SWNT suspensions are found to reveal 
very interesting photoexcitation decay characteristics, which we explain using a novel 
reaction-diffusion picture in which strongly bound excitons diffuse along the SWNT 
axis before annihilating with a finite reaction rate upon coming into contact with one 
another. This complex dynamical behaviour, which has not previously been seen ex­
perimentally, allows the extraction of fundamentally important parameters such as the 
diffusion constant and reaction time of the photo-excited excitons. The extension of the 
pump-probe experiment to incorporate spectral resolution shows that this behaviour is 
independent of the diameter and chirality of the photo excited SWNT.
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Introduction
This thesis presents a range of optical measurements on single-walled carbon nanotubes 
(SWNTs). A wealth of extraordinary results concerning the mechanical and electrical 
properties of these quasi one-dimensional (ID) structures have been reported since 
their discovery in 1993 [1]. The main motivation for the work is that in recent years, 
the optical properties of SWNTs have become an area of significant interest. The 
development of the field has been driven by both an interest in their fundamental 
photophysics and a desire to realise their potential applications in commercial devices. 
There has been progress in both these fields, yet the relative youth of this area of 
research means that there are still many inconsistencies and unanswered questions to 
be addressed. We will focus in this work on discussion of the fundamental physical 
processes which occur upon photoexcitation, though mention of the implications for 
possible device applications will be made along the way.
SWNTs are an ideal system in which to study ‘exciton’ photophysics, from both 
theoretical and experimental viewpoints; their ID nature and the consequent enhanced 
Coulomb interaction lead to a strong increase in the importance of ‘excitonic’ effects, 
modifying electronic density of states and therefore the optical properties. Various 
quantities related to the formation of excitons have been estimated experimentally and 
theoretically and it has become increasingly clear that electron-electron interactions 
play an important role. For example, measurement of optical transition energies shows 
that exciton binding energies correspond to a substantial fraction of the band gap.
Due to the high aspect ratio of a SWNT, the strongly bound excitons are afforded 
only one degree of freedom. In other words, they undergo ID transport along the 
length of the SWNT. This transport is a crucial consideration if the population-limiting 
mechanisms are to be properly understood.
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In the background theory and literature presented in chapter 1 we first discuss some 
generic properties of materials relevant to optical characterisation. These include the 
bandstructure, density of states, linear and non-linear absorption and refraction, and 
the important phenomenon of exciton formation. We then address the basic properties 
of SWNTs. We explain how their linear optical properties are linked to their detailed 
structure, and how various experimental observations have lead to the conclusion that 
excitons dominate these optical properties. A discussion of recent literature regard­
ing the non-linear optical properties of SWNTs is then presented, concentrating on the 
dynamical measurements most relevant to our work. A range of interpretations are pre­
sented, showing the lack of a common consensus and need for further work in this area. 
As a background to the interpretation of pump-probe results, we include a discussion 
of diffusive transport of particles in ID systems.
In chapter 2 we discuss the experimental tools and techniques used in obtaining our 
results. A description of the amplified Tksapphire ultrafast laser system is followed by 
descriptions of the Z-scan and pump-probe experiment. We also discuss the phenom­
enon of white-light continuum generation, as used in spectrally-resolved pump-probe 
measurements.
In chapter 3 a discussion of sample production and processing is followed by an 
analysis of their linear optical properties. In studying the linear absorption spectra of 
suspensions of well-isolated SWNTs it is possible to assign the various peaks to specific 
‘species’ of SWNT.
In chapter 4 we present results of Z-scan measurements on suspensions of SWNTs. 
This technique is able to reveal both refractive and absorptive optical non-linearities, 
each of which is found for SWNT samples. We discuss the various contributions to  the 
observed non-linearities, including a separation of the contribution of thermally derived 
non-linearity from that of the more fundamentally interesting and commercially useful 
optical Kerr effect.
Chapter 5 presents pump-probe measurements of a single-strand DNA assisted aque­
ous suspension of SWNTs. These measurements reveal the absorption recovery of an 
ensemble of optically-excited SWNTs. On the basis of the intensity-dependence of this 
decay, we are able to describe SWNTs in terms of a ‘reaction-diffusion’ model. This
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framework describes a system in which the annihilation of excitons is limited either by 
their intrinsic reaction rate or by their rate of diffusion along the SWNT, depending on 
the population of excitons.
In chapter 6 , a report of spectrally-resolved pump-probe measurements on SWNT 
suspensions is given. The extension of the pump-probe technique to incorporate spectral 
resolution reveals extra information about the behaviour of excitons after photoexcita­
tion.
The last results chapter, chapter 7, is concerned with pump-probe measurements of 
nanotubes deposited on transparent substrates. The high degree of agglomeration of 
SWNTs within these samples leads to drastically different decay dynamics.
Finally, we give our conclusions and a discussion of further work which will build 
upon that presented in this thesis.
Chapter 1
Background Theory and Literature 
Review
1.1 Optical properties of materials
1.1.1 Semiconductor bandstructure
Calculation of the electron and hole wavefunctions in a periodic crystal such as a semi­
conductor gives an infinite set of discretely spaced energy states; however, for a bulk 
system each of these states is a function of the wavevector k, and overlap between the 
states at specific values of & means it is possible to talk about energy bands rather than 
levels.
A schematic picture of the electronic structure of a generic semiconductor is shown in 
figure 1 .1 . At absolute zero, all electronic states in the valence band are fully occupied. 
Similarly, all the electronic states in the conduction band are empty. The band-gap 
is the energy difference between the highest point of the valence band and the lowest 
point of the conduction band. As the temperature is increased, electrons are thermally 
excited from the valence band to the conduction band, leaving vacant orbitals in the 
valence band which are known as holes.
Several methods of varying complexity can be used to determine detailed semi­
conductor bandstructure. One of the simplest is the ‘tight-binding’ model. In this 
approach, the semiconductor is considered as a periodic lattice of weakly interact­
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Figure 1.1: A simple schematic picture of the band-structure of a bulk semiconductor 
crystal, showing continuous valence (filled) and conduction (empty) bands.
ing neutral atoms. Tight-binding was for several years the model used to calculate 
SWNT bandstructure, as will be discussed in more detail later. The complexity of the 
bandstructure of a real material is evident from the bandstructure of gallium arsenide 
(GaAs), a relatively simple bulk material, shown in figure 1 .2 .
In this figure, the ‘greyed-out’ region corresponds to the band-gap, in which no elec­
tronic states exist for any wavevector. States above the bandgap are in the conduction 
band, and those below in the valence band.
1.1.2 Electronic density of states
The electronic density of states, g(E) describes the number of electronic states per unit 
volume of material that lie between energies E  and E  +  SE. Making the approximation 
that the energy levels show a parabolic dispersion (i.e. =  h2/2 m (k l + k2 k2)), we
can obtain simplified expressions for g{E) in different dimensionality systems. These 
expressions (see eg. [3]) are plotted in figure 1.3.
Of greatest interest to us is the case for one-dimensional systems (eg. a single- 
walled carbon nanotube), in which the density of states is strongly peaked around 
various energies corresponding to the bottom of the various energy bands. The optical 
absorption spectrum is dominated by these peaks, as will be seen later in section 1.2.3.
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Figure 1.2: The band-structure of gallium arsenide, showing the energy levels as a 
function of wavevector. The points marked along the k axis denote points of high 
symmetry in the reciprocal lattice of the GaAs crystal (see, eg. K ittel [2]). The greyed- 
out region is the forbidden energy gap. The minimum energy gap lies at the F point - 
GaAs is a direct band-gap material.
1.1.3 Linear ab sorp tion  and refraction
The optical response of a dielectric material is determined at a microscopic level by 
the response of the constituent charged ions and electrons to the oscillatory electric 
held. Due to their opposite electric charge, ions and electrons are displaced in opposite 
directions such th a t oscillatory electric dipole moments are induced. The summed 
contribution of these microscopic dipoles gives an induced macroscopic polarisation, P ,  
in the medium.
In linear optics, the relationship between the induced polarisation and the incident 
electric held is given by:
P  =  X(1,eoE  , (1 .1 )
where is the complex linear susceptibity. The induced polarisation is propor­
tional to, and oscillates at the frequency of the incident electric held.
The refractive index of the material, n, is given by K y /l +  while the extinction 
coefficient is determined by A (x ^ ) . These two quantities are plotted in hgure 1.4.
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Figure 1.3: The characteristic electronic density of states (d.o.s.)for different dimen­
sionality physical systems.
The refraction and absorption of a material are intrinsically linked in a way that is
determined by the ‘Kramers-Kronig relations’ [2].
Experimentally, the absorption of a material is usually quantified by the absorption 
coefficient, a, which is defined via:
I(z) = / 0 exp(—az) , (1 .2 )
where I  (z) is the fraction of light intensity that remains after transmission through 
thickness z of material. This is known as ‘Beer’s Law’, a  is related to the extinction 
coefficient, k, via a = 47tk/A, and is generally a strong function of frequency, due to the 
energy-dependence of the density of states.
Quantum mechanically, linear absorption can be thought of in terms of the picture 
shown in figure 1.5. A photon gives it energy to an electron in the valence band, which
is promoted to the conduction band while leaving a hole in the valence band.
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Figure 1.4: The real and imaginary parts of the susceptibility, %, corresponding to 
the refractive index and absorption of a material in the region of a resonant transition 
frequency, f2.
1.1.4 Recombination of carriers in bulk semiconductors
Optically excited carriers may return to their ground state by various mechanisms. In 
bulk semiconductors, for which carrier-carrier interactions are small, and electrons and 
holes can be treated as independent particles, described by:
^  =  —A N  -  B N 2 -  C N 3 , (1.3)
where N  is the excited carrier concentration and the terms in TV, N 2 and N 3 de­
rive from recombination defects, radiative recombination and Auger recombination of 
free carriers. These processes are shown schematically in figure 1.6. In the defect as­
sisted recombination process the electron falls into a ‘trap ’, an energy level within the 
bandgap caused by the presence of a foreign atom or a structural defect. The electron 
occupying the trap energy can in a second step fall into an empty state in the valence 
band, thereby completing the recombination process (a.k.a. Shockley-Read-Half (SRH) 
recombination). In radiative recombination, the electron and hole recombine, and the 
excess energy is released in the form of electromagnetic energy i.e. a photon. In Auger 
recombination, the electron and hole again recombine, but the excess energy is given 
to a third carrier (in the figure an electron) which is promoted to higher energy. This 
is a three-carrier process, hence the proportionality with N 3.
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Figure 1.5: A schematic picture of the quantum mechanical description of linear ab­
sorption, as described in the text. The arrow represents an incoming photon, the energy 
of which is given to the electron (black circle) which is then promoted from the valence 
band to the conduction band.
AN BN CN
Figure 1.6: The mechanisms for decay oî free carriers: recombination at defects, radia­
tive recombination, Auger recombination.
1.1.5 Non-linear optical properties
Any real, physical oscillating system will exhibit a non-linear response when it is over­
driven. In an optical system, a non-linear response can occur when there is sufficiently 
intense illumination; this is the case for our experiments, in which we use highly intense 
ultrashort pulses. The non-linearity is exhibited in the polarization, P , of the material, 
which is often represented by a power series expansion of the total applied optical field,
E:
P  =  e„ (x(1)E  +  x (2)E 2 +  x(3)E 3 +  . . . ) .  (1.4)
Here, x ^  is the linear susceptibility discussed above, and the terms X'"* where n  >  1
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are known as the non-linear susceptibilities. These are the source of the non-linear 
optical effects that are presented throughout this thesis. The non-linear phenomena we 
measure are intensity-dependent i.e. dependent on E 2 (since I  =  l / 2 e o c n o | E | 2). They 
are therefore related to and known as third-order non-linearities.
Just as the real and imaginary components of the linear susceptibility, are as­
sociated with refraction and absorption, the real and imaginary parts of describe 
nonlinear refraction (NLR) and nonlinear absorption (NLA). We discuss these phenom­
ena separately below.
Non-linear absorption
Non-linear absorption (NLA), characterised by the non-linear absorption coefficient {3, 
is an increase or decrease in the optical absorbance of a material with increasing optical 
intensity. NLA properties are related to the imaginary component of the third order 
non-linear susceptibility, S5(x^).
One can write the total absorbance, a, of a material as:
a = a 0 + /3 I , (1.5)
where a Q is the linear absorbance. In SI units, which we use throughout this thesis, 
f3 has units of m/W .
A negative (3 indicates that the absorbance of a material decreases with increasing 
intensity. This can indicate saturable absorption (also known as photobleaching, PB). 
In this process, intense light depopulates the initial states of an optical transition and 
partially fills the final states. When in this non-equilibrium state, the material presents 
a lower absorption cross-section to further incident photons. As the intensity of the 
light increases this effect, shown in the second diagram of figure 1.7, becomes stronger. 
Stimulated emission is also manifested by a decrease in absorption, resulting from a 
quantum mechanical process in which an incident photon stimulates the radiative re­
combination of an electron-hole pair, resulting in the output of two photons, as shown 
in the first part of figure 1.7.
For positive (3, the absorption increases with intensity. This is often due to multi­
photon absorption processes. In the linear regime, photons with energy less than Eg
1.1 Optical properties of m aterials 19
cannot excite electron-hole pairs and will therefore not be absorbed. However, at suffi­
ciently high intensities, electron-hole pairs can be excited, by multi-photon absorption. 
In the strongest of these processes, two-photon absorption (TPA), a valence electron is 
excited by a photon to a very short lived virtual state within the optical band gap of 
the semiconductor; while in this state, a second photon incident on the electron excites 
it into the conduction band. Higher order processes require additional photons, and are 
therefore weaker.
Another process which leads to a positive /3 is photo-induced absorption, as rep­
resented in the third diagram in figure 1.7. After a non-equilibrium population is 
established, with electrons present in conduction band 1 (CB1), additional photons 
resonant with the energy gap between CB1 and CB2 can excite these electrons into a 
higher conduction band.
9  electron photon
O hole  transition
e 1 —  —
f
= «=!>!ii!
------
CB2
CB 1
VB
SE PB PA
Figure 1.7: Schematic representations of stimulated emission, photobleaching and 
photo-induced absorption for a generic material.
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Non-linear refraction: the optical Kerr effect
Non-linear refraction, also known as the optical Kerr effect, is a third-order non-linearity 
in which the total refractive index as a function of intensity is given by [4] :
n =  n 0 +  7 / (1.6)
where 7  is the non-linear refractive index, also known as the Kerr coefficient, of the 
material. In S.L units, , 7  has units of m2W -1.
The non-linear refractive index is, as mentioned above, proportional to the real part 
of the third order susceptibility,
(1.7)
The non-linear refractive index leads to many important effects for ultrashort optical 
pulses; for such pulses there is both radial and temporal intensity dependence, which
means the refractive index varies both spatially (radially symmetrical for a fundamental
to either self-focusing or defocusing of laser pulses, depending on the sign of 7 ; this is
in figure 1.8. The radial intensity variation leads to a greater optical path, nL, at 
the centre of the pulse as compared to the edges. Hence a transient convex lens is 
formed and the beam is self-focused. Analogously, for negative 7  an induced concave 
lens defocuses the beam.
The temporal variation of intensity in a pulse leads to self-phase modulation. The 
intensity-dependent phase shift imposed by the non-linear refractive index leads to a 
frequency shift or ‘chirp’ which is directly proportional to the distance traveled through 
a non-linear material; for a material with positive 7 , the leading edge of the pulse 
becomes red-shifted with respect to the trailing edge.
Non-linear refraction: the therm al lensing effect
The Kerr effect is not the only refractive non-linearity, as the effect of heating on a 
sample can lead to a similar effect [5-8]. For a laser beam incident on an absorbing
Gaussian beam) and temporally (often also Gaussian). The radial dependence leads
crucial to the Z-scan technique discussed in section 2.3. It can be visualised as shown
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Figure 1.8: The formation of an effective convex lens in a non-linear material on which 
an intense laser pulse is incident.
medium, a proportion of the energy absorbed from the laser beam is converted into heat. 
A thermo-optical non-linearity known as thermal lensing arises from the dependence 
of the refractive indices on temperature. Since the centre of the beam is more intense 
than the edges, the deposited heat leads to the formation of a radial temperature 
distribution. Neglecting convection and axial heat flow, radial conduction becomes 
increasingly effective with time until a steady-state temperature gradient is reached.
Due to the diffusion of heat, the spatial temperature profile can differ significantly 
from the laser intensity profile; hence the mechanism is non-local, in contrast to the Kerr 
effect where the phase shift follows the radial beam profile exactly. Another significant 
distinction between the two effects is that the thermal lensing effect depends on the 
average power of incident radiation, rather than the peak intensity, which determines 
the strength of the Kerr non-linearity. This will prove useful in our Z-scan measurements 
in chapter 4.
1.1.6 Carrier-carrier interactions and excitons
An important consequence of confinement of electrons and holes to reduced dimensions 
is that the Coulomb interaction between electrons and holes is enhanced, leading to the 
formation of strongly bound excitons.
An exciton is an electron-hole pair bound into a correlated state by the Coulomb 
interaction. In bulk semiconductors a typical exciton binding energy is ~1 meV, which
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means it will thermally dissociate rapidly unless the material is held at very low tem­
peratures. In low-dimensional systems, however, the binding energy can be enhanced 
to ~  1 0 0  meV or more, and excitonic effects are observed and even dominate the optical 
response at room temperature.
The formation of excitons is manifested as peaks in the density of states which lie at 
lower energy than the non-interacting energy levels, the difference in energy being equal 
to the exciton binding energy. Such effects have been observed in photoluminescence 
measurements, in which sharp peaks lie at lower energies than the broad onset due to 
non-excitonic absorption high into the conduction band [2 ].
The nature of the exciton is dependent on the material system. We will be concerned 
with the excitons formed in SWNTs, of which theoretical and experimental evidence 
will be discussed in section 1.2.3.
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1.2 Basic properties of single-walled carbon 
nanotubes
Having introduced the optical properties of generic materials, we now shift our focus to 
the specific case of single-walled carbon nanotubes (SWNTs), an illustrative example 
of which is shown in figure 1.9 . The vast majority of the results presented in this thesis 
will be concerned with the measurement of the linear and non-linear optical properties 
of this novel material. We therefore now introduce their physical structure, and the 
consequent interesting bandstructure which leads to their unique optical properties. 
We include a discussion of excitons in SWNTs, which will be crucial to much of our 
interpretation.
Figure 1.9: A computer generated image of part of a (16,11) single-walled carbon 
nanotube [9]. See section 1 .2 .1  for details of structural notation.
1.2.1 Physical structure of single-walled carbon 
nanotubes
SWNTs consist of a single graphene sheet ‘rolled up’ to form a hollow tube. The 
graphene structure is a hexagonal lattice, with primitive lattice vectors a i and
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where a is the magnitude of the unit vectors. A SWNT is defined by its chiral 
uecfor, C%:
C h = n a i +  m a2 (1.9)
The chiral vector is shown in figure 1.10, along with sli and a 2. D otted lines show
the (n,0) and (n,n) directions; (n,0) SWNTs are known as ‘zigzag’ tubes; (n,n) SWNTs
are known as ‘arm chair’. Any other (n,m) species is denoted ‘chiral’.
(n,0)
- - (n,n)
Figure 1.10: The definition of the chiral vector, - this vector forms the circumference 
of the SWNT. T is perpendicular to C h and defines the length of the unit cell along 
the nanotube axis.
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The names ‘zigzag’ and ‘armchair’ derive from the pattern of atoms around the
circumference of a SWNT cut perpendicular to its length. The vector T represents the 
length of the unit cell in the direction of the SWNT axis.
1.2.2 Electronic bandstructure of single-walled carbon 
nanotubes
As the structure of SWNT derives from the wrapping of the 2D graphene lattice, the 
electronic bandstructure of a SWNT can be obtained in the first approximation from 
that of graphene.
Reciprocal lattice of graphene
The reciprocal lattice of graphene is shown in figure 1.11. It is defined by the basis 
vectors b i and h^, which are found from the real space primitive lattice vectors ai and
a2 via:
(1.10)
where a3 is the unit vector in the z-direction. Using the definitions of equation 1.8, 
the reciprocal lattice vectors are given by:
(l u )
The first Brillouin zone is shown by the bold line, in which the high-symmetry points 
are denoted by T ,K  and M.
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Figure 1.11: The reciprocal lattice of graphene, showing the basis vectors b i and b2, 
along with the 1st Brillouin zone (BZ) and the points of high symmetry, F, K, K ’ and 
M.
Tight-binding energy dispersion of graphene
Using the tight-binding model to calculate the energy dispersion relation for graphene 
gives two bands: the tt* antibonding (conduction) band at higher energies and the tt 
bonding (valence) band at lower energies. These two bands are degenerate at the K 
points of the graphene reciprocal lattice, as shown in figure 1 .1 2 . Since the density of 
states is zero at the Fermi level, graphene is a zero-gap semiconductor.
Obtaining the SW N T bandstructure from the graphene bandstructure
Approximating the SWNT as being of infinite length, which is reasonable given its high 
aspect ratio, the wavevector k2 along the length of the SWNT is continuous. However, 
periodic boundary conditions lead to quantisation of the allowed wavevector, k i around 
the circumference of the nanotube. Because of this quantisation condition, the energy 
levels of a SWNT exist as ID ‘cuts’ through the graphene energy dispersion shown in 
fig. 1.12. The first of these energy levels is shown within the first BZ zone of graphene 
in fig. 1.13; the remaining SWNT energy bands are found spaced by wavevector k% 
from this line. If any of these cuts pass through the K point of the graphene reciprocal 
lattice, then there is no bandgap in the energy dispersion of the SWNT, and the SWNT 
is metallic. Conversely, if no cut passes through the K point, then there is a band-gap, 
and the SWNT is semiconducting.
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Figure 1.12: The 2D energy dispersion of graphene within the first Brillouin zone, 
calculated using the tight-binding approximation, showing the t t *  and t t  bands which 
are degenerate at the K points. Taken from [10]
K'
•K'
Figure 1.13: The 1st BZ of the graphene lattice in which the 1st subband of a SWNT 
is found.
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The condition for one of the SWNT energy levels to pass through the K point is 
that the ratio of Y  i t  to ki is an integer. It can be shown [11] that
Therefore, for a SWNT to be metallic, 2n +  m has to be an integer multiple of 
3. Equivalently, n - m has to be an integer multiple of 3. For armchair nanotubes, 
whose chiral vector is of the form (n, n), this condition is always met. i.e. all arm­
chair nanotubes are metallic. Another important consequence of this condition is that, 
statistically, 1/3 of SWNTs are metallic and 2/3 are semiconducting.
We note that this discussion neglects effects due to the curvature of the nanotube 
wall (see e.g. [10]). However, calculations of the strength of this effect show that it is 
small, at least in comparison to the excitonic effects to be discussed in section 1.2.4.
The band-gap of a SWNT is equal to the energy separation between the tt and tt*  
orbitals of the graphene bandstructure on the closest ID subband to the K point; at 
the K  point this gap is zero and it increases linearly (to the first approximation) as one 
moves away in any direction.
The spacing of the ID subbands is inversely proportional to the nanotube diameter, 
df. For larger nanotubes, subbands exist closer to the K-point and therefore the band- 
gap decreases with increasing diameter.
i3
1.2 Basic properties o f SW N Ts 29
D ensity of states for sem iconducting and m etallic SW N Ts
The electronic density of states in ID is given by:
127rm* E (1.12)^ j y /Ë  E m in ,i  
where for the case of a SWNT, the values E,- correspond to the minima of the 
multiple ID sub-bands. Schematic diagrams of the density of states for metallic and 
semiconducting SWNTs are shown in figure 1.14. The main features of the d.o.s. are 
the sharp Van Hove singularities at the bottom of the energy sub-bands, which are 
manifested as peaks in the optical absorption spectrum of SWNTs.
9(E)
EE,F
9(E) '22,S
11,S
(a) Metallic (b) Semiconducting
Figure 1.14: The electronic density of states for semiconducting and metallic SWNTs. 
The density of states is finite at the Fermi energy for the metallic SWNTs, and zero for 
the semiconducting SWNTs.
1.2 Basic properties o f SW N Ts 30
1.2.3 Linear optical characterisation of single-walled carbon 
nanotubes
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Figure 1.15: A linear spectrum of a well isolated suspension of SWNTS, showing the 
background absorption from the 7r-plasmon peaked at around 300 nm. Individual nar­
row peaks are due to intersubband transitions for specific (n,m) species. From shortest 
to longest wavelength, these are due to metallic E n , semiconducting E22 and semicon­
ducting E n transitions respectively.
An example of the absorption spectrum of a suspension of SWNTs is shown in figure 
1.15.
The spectrum of SWNTs contains a broad peak centred at around 4 eV, due the 
‘7r-plasmon resonance’. A plasma oscillation is a collective longitudinal excitation of 
an electron ‘gas’ about a positively charged lattice, and a plasmon is a quantum of 
plasma oscillation [2]. In SWNTs, the ^-bonded valence electrons undergo collective 
oscillation: the ^-plasmon resonance.
On top of this broad resonance are sharper peaks. These are due to optical tran­
sitions between the spikes in the electronic density of states of the SWNT shown in 
fig. 1.14. The various peaks correspond to different (n,m) species, and different tran­
sitions (often a peak will contain contributions from more than one species). At the 
shortest wavelengths are the first transitions (E11)M) in the metallic tubes. Moving to 
longer wavelengths we have first the E22,s and then the En,g transitions of semicon­
ducting SWNT species.
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Effect of bundling on the optical absorption spectrum
Early measurements (eg. [12]) did not resolve the narrow peaks shown in figure 1.15. 
This was because the SWNTs were significantly ‘bundled’.
Theoretical calculation of the band-structure of isolated and bundled SWNTs [13] 
has shown that the influence of Van der Waals interactions between neighbouring 
SWNTs in a bundle acts to introduce extra dispersion in the bandstructure, which 
broadens the peaks in the density of states. This in turn leads to broadening of peaks 
in the absorption spectrum; for largely bundled samples, this broadening washes out 
all structure, to give broad peaks (see eg. [12,14,15]).
Isolation of SW N Ts in suspension: identification o f species
O’Connell et al [16] managed to isolate SWNTs in suspension, preventing this bundling 
and unwanted interactions. They achieved this using micelle-encapsulation, using the 
polar sodium dodecyl sulphate molecules to ‘surround’ SWNTs and prevent direct con­
tact between them. This isolation led to the emergence of narrow peaks as shown in 
fig.1.15.
Excitation fluorescence measurements [17] by the same group allowed identification 
of specific SWNT species. In this technique, the micelle-encapsulated SWNTs are 
optically excited in the E22 range. From here the excited carriers relax non-radiatively to 
E n, from where they can recombine radiatively to emit a photon. This process is shown 
in figure 1.16; fluorescence only occurs from semiconducting SWNTs, as carriers rapidly 
relax non-radiatively to the ground state in metallic SWNTs due to the degeneracy of 
conduction and valence bands at the K  points.
The results of the experiment as a function of both excitation and emission wave­
length are shown in figure 1.17. Each of the peaks in the intensity plot corresponds to 
an individual (n,m) species.
By comparison with an extended tight binding model which gave trends in E n  and 
E22 with diameter and chirality [18], each of the peaks in fig. 1.17 could be attributed 
to a specific (n,m) nanotube species] this very important result allows a spectroscopic 
determination of the composition of bulk nanotube samples. The tabulated values of 
transition energies derived from this work, and a subsequent extension of it [19] are still
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Figure 1.16: A schematic representation of the processes occurring in the excitation- 
emission spectroscopy measurements [17] whose results are shown in figure 1.17. Pho­
toexcitation to the second subbands is followed by relaxation to the first subbands 
(dashed arrows) and fluorescence from the first subbands.
used as a reference in many papers, and are provided in appendix A.
Crucially, it was found from this tabulation th a t the theoretical models based on 
tight-binding, even including the contribution of several non-adjacent atoms and ‘trig­
onal warping’ due to curvature effects [10], were unable to explain the measured ratio 
of E 22 to E n;  this ratio tended to ~1.7, rather than 2, as predicted by simple theory: 
the ‘ratio problem’. It was therefore clear th a t the tight binding theory could not ac­
curately model the band-structure of SWNTs, and a significant change of theoretical 
approach was needed.
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Figure 1.17: Contour plot of fluorescence intensity versus excitation and emission wave­
length, with peaks corresponding to individual (n,m) nanotube species. [17] (the white 
oval encloses the nanotube species on which their analysis was focused)
1.2.4 B eyon d  th e  in d ep en d en t e lectron  ap proxim ation  - 
ex c ito n s in single-w alled  carbon  n an otu b es
As described in section 1.1.6 the electron-electron interaction is strongly enhanced in 
reduced dimensionality systems, such th a t the binding energy of excitons is greatly 
enhanced. These bound electron-hole pairs can then dominate the optical properties of 
the material. We now discuss theoretical and experimental evidence showing that this 
is the case for SWNTs.
T h eo re tica l m odeling  of excitons in SW N T s
A large number of theory papers have discussed excitons in SWNTs, using a range 
of different approaches. The first of these were in 2003 when Kane and Pedersen [20] 
showed that electron-hole interactions can be used to describe optical absorption spectra 
of SWNTs, and particularly the deviation from predictions of tight-binding models 
found in the experimental results in [17]. Many further papers followed [21-27], of 
which the main findings are now summarized.
In 2004 ab-initio [22] and semi-empirical [23] models were separately used to cal­
culate the energy levels of SWNTs accounting for electron-electron interactions. These
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Figure 1.18: The excitonic energy levels of a SWNT, showing the n =  1,2 manifolds 
which each consist of a set of discrete states below the onset of continuum states due 
to non-interacting states. After [24], 2006.
two models gave qualitatively similar results, as schematic picture of which is shown 
in figure 1.18. The crucial result is that below each continuum of states due to non­
interacting electrons there lies a set of discrete excitonic levels.
The results of [2 2 ] were compared with the experimentally observed values of E22 
and E n for the (8,0) SWNT [17], and a very good quantitative agreement found. How­
ever, the theory was found to be too complex to be applied to larger diameter tubes, and 
the trends of [17] could therefore not be fully reproduced. Qualitative and quantitative 
agreement with trends in the E n and E22 transition energies with diameter and chiral­
ity (see figure 1.17) were later accurately reproduced by a semi-empirical model [24]. 
The ‘ratio problem’ had therefore been solved by taking into account electron-electron 
interactions and the resultant exciton formation.
The excitonic levels shown in figure 1.18 are either optically allowed (‘bright’) or 
forbidden (‘dark’). Which type they are is dependent on the relative momenta of the 
constituent electron and hole; if they lie in the same valley in the energy dispersion 
(i.e. both near K or both near K’), then the total momentum of the exciton is zero 
and it can radiatively recombine (neglecting spin considerations for now) - this is a 
bright exciton. If the electron and hole are in different valleys, the total momentum is 
non-zero, and radiative recombination is forbidden - this is a ‘dark’ singlet exciton.
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The theory of [22-24] shows that the lowest energy excitonic state is dark. After 
optical excitation, excitons rapidly relax to this dark state, from which they can only 
return to the ground state via non-radiative processes. This is believed to contribute 
to the very low luminescence efficiency of SWNTs [16,28].
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Figure 1.19: A schematic representation of the exciton levels in a SWNT, showing opti­
cal excitation of a strongly-allowed state which then rapidly relaxes via weakly allowed 
states to a dipole-forbidden dark exciton state, from which radiative recombination can 
not occur. After [23]
D irect m easurem ents of exciton binding energies
In 2005, direct experimental evidence of excitons was observed via two-photon excita­
tion spectroscopy [29,30]. Two-photon transitions between excitonic states obey dif­
ferent selection rules to single-photon transitions. Whereas in single-photon transitions 
the initial and final states must have opposite symmetry, in two-photon transitions they 
must have the same symmetry. For excitation of free carriers, this distinction does not 
exist. The various transitions are represented in figure 1.20.
The two-photon excitation spectrum plotted as a function of both the excitation 
and emission energies [29] shows that the emission energy is less than the excitation 
energy for each species of nanotube, which is further evidence for the dominance of 
excitonic effects in SWNTs at room temperature.
Exciton localisation in SW N Ts
An important property of excitons in SWNTs is their strong localisation. The size of 
the exciton is quantified in terms of the probability of finding the constituent electron 
and hole at a given separation. The full-width half maximum of this probability in
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Figure 1.20: S schematic representation of the D.O.S. for a SWNT. The black arrows 
show two-photon excitation with photon energy hz/; the red arrows show subsequent 
fluorescence emission, (a) shows the exciton picture. The Is state has the wrong 
symmetry for a two-photon transition. The 2p and continuum states are excited; they 
then relax into the Is  state and fluoresce through the allowed one-photon process, 
(b) shows the band picture in which excitation and fluorescence occurs from the same 
energy level [29]
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Figure 1.21: A representation of the envelope of the lowest energy exciton wavefunction 
in a SWNT [29]
the direction of the SWNT axis has been calculated as 2.4 nm [28], ~  4 nm [31] and 
~  3 nm [22]. The extent of the exciton wavefunction perpendicular to the SWNT 
axis is estimated to be comparable to the diameter (~  1.2 nm for a 0.8 nm diam eter 
SWNT) [29]. This means th a t excitons are effectively constrained to move in only 
one dimension: along the SWNT axis. Consequently, SWNTs populated with excitons 
appear to be a suitable physical system in which to study the one-dimensional transport 
limited processes discussed later in section 1.4.
For illustrative purposes, a visualisation of the probability density of the lowest en­
ergy exciton in the (8,0) SWNT is shown in figure 1.21. This represents the probability 
of finding a hole at a given point, if the electron is fixed at the origin (centre of the red 
region).
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Exciton-exciton annihilation
When SWNTs undergo strong optical excitation, multiple excitons will exist on the 
same tube. This opens up the possibility of population decay via an exciton-exciton 
annihilation process [28,32,33]. The annihilation is also referred to as Auger recombi­
nation of excitons. It is a two-body process, in which one exciton is annihilated and 
its energy transferred to the second exciton. This second exciton is then promoted to 
higher energy, as shown in figure 1 .2 2 .
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Figure 1 .2 2 : The Auger process for excitons, which is a two-body process. One exciton 
is annihilated, and the released energy promotes the second exciton to higher energy.
The two-body excitonic Auger process differs from the free-carrier picture, in which 
Auger recombination is a three body process (see figure 1.6).
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1.3 Literature review of optical non-linearities in 
single-walled carbon nanotubes
1.3.1 Introduction
Carbon nanotubes have been shown in recent years to exhibit optical non-linearity. 
Theoretical predictions at the start of the decade were followed later by corroborative 
experimental results, revealing both the magnitude and the dynamics of the nonlinear­
ity. This section gives a brief review of the recent development in this field, the bulk of 
which has occurred during the course of this Ph.D.
1.3.2 M agnitude of optical non-linearity in SW NTs
Like other conjugated organic molecules, SWNTs exhibit large optical responses as­
sociated with their delocalised ^-electrons. Specifically, the optical nonlinearities of 
SWNTs appear to be strong. This makes them very attractive for nonlinear photonic 
devices including ultrafast optical switches, which are important components for en­
abling high-speed time-division multiplexed optical communications.
The enhancement of optical non-linearity due to the one-dimensional nature of 
SWNTs was first theoretically modeled in 1999 by Margulis [34]; the magnitude of 
the optical Kerr effect in SWNTs was calculated to be enhanced by several orders of 
magnitude over that in the C60 fullerene molecules: 1 0 - 9  esu (electrostatic units) as 
compared to 1 0 ~ 12 esu. 1.
A value of ~  1 0 _1° esu was measured for a SWNT-polyimide composite [3 5 ], an 
order of magnitude lower than theoretical predictions [34] of ~  IQ- 9  esu. A carbon 
nanotube saturable absorber has been employed as a mode-locker to produce picosecond 
pulses [36] from a fibre laser, and this laser is now commercially available [37]. This 
is an indicator of both the desirable nonlinear qualities of nanotubes, and the ready 
market for applications.
1The two commonly used units for %3 are esu and m2W-1 . The conversion between these two units
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1.3.3 Dynam ics of optical non-linearity in SW NTs: introduc­
tion
The most common and powerful technique for dynamical study of optical nonlinearity 
in materials is known as the ‘pump-probe’ experiment. This involves using an intense, 
ultrashort pump pulse generates a population of carriers; the decay of this population 
is measured by monitoring the absorption of a delayed, weak probe pulse. Study of the 
rate and functional form of the observed decay allows us to understand the nature of 
the photo excitations, and the mechanisms by which they return to equilibrium after 
the initial excitation.
The earliest (2002-2004) pump-probe measurements on SWNTs were interpreted in 
terms of free carriers [38-40]. However, since the role of excitons in SWNTs (described 
in section 1.2.4), has been shown to be strong, it has become standard to interpret 
observations within an excitonic framework.
In 2004, pump-probe measurements in SWNT films on a glass substrate [41] were 
presented as evidence for excitons in nanotubes. A photobleaching (PB), and a corre­
lated photoinduced absorption (PA) at slightly longer wavelengths were attributed to 
excitonic processes. The PB signal derived from the E n (GS —> Exl) transition, while 
PA was due to excited state absorption from Exl to Ex2 (see figure 1.20(b)). Such PA 
would not be observed in the free carrier picture, due to the forbidden nature of such 
excited state transitions (see figure 1 .2 0 (a)).
A wide range of results have since been reported for different experimental condi­
tions, with a correspondingly large set of interpretations. An initial ultrafast recovery 
and a slow decay extending up to ~ 1 0 0  ps are common features, yet both the func­
tional form and the attributed physical decay mechanisms of each differs widely between 
publications. One of the main achievements of the Ph.D is to present results with a 
consistent interpretation of photoexcition decay mechanisms.
1.3.4 Pum p-probe measurements: exciton transport effects
In this section we discuss the different mechanisms that have been used to explain 
the ‘long’ timescale decay in pump-probe measurements on suspensions of well-isolated
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SWNTs. In this context, ‘long’ means ~  10 ps or longer.
D iffusion-lim ited exciton-exciton  an n ih ila tio n  in SW N T s
Russo et al [33] saw, in 2006, a £~1//2 decay behaviour in pump-probe data  up to ~  450 
ps, strongly suggestive of a diffusion-limited process in one-dimension. This is explained 
later in section 1.4.2. Various functional fits to the data of [33] are shown in figure 1.23, 
from which it is clear tha t the £-1/2 fit is much more accurate than mono-, bi- or even 
tri-exponential functions.
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Figure 1.23: Pump-probe data from ref [33] shown on a log-log scale. Mono-, bi- and 
tri-exponential fits are shown along with a l / t 1//2 relationship. The 1 / t1/2 relationship 
is attributed to diffusion-limited recombination in one-dimension.
As a point of interest, we note tha t intensity-dependent pump-probe measure­
ments of conjugated polymers [42] have also been fit well using a time-dependent rate 
coefficient,7 (t) =  suggesting similar exciton decay mechanisms also act in this
system; however, in the polymer sample studied, it was believed th a t annihilation oc­
curred between excitons on different chains, in contrast to the intra-SW N T  interactions 
to which the t -1/2 dependence is attributed in [33].
Subdiffusive tra p p in g  of excitons
Sheng et al [43] presented, in 2005, pump-probe measurements of SWNTs showing a 
t~°.75 decay, this was attributed to anomalous diffusion of excitons towards recombina­
tion centres, where the anomalous nature of the diffusion is attributed to defects in the
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SWNT walls.
This mechanism has also been more recently invoked by Zhu et al [44] to explain 
a t _ 0 -45±0 03 power law decay, as shown in figure 1.24. Whereas the results of ref. [43] 
were obtained with pump intensities 3 orders of magnitude lower than those used in 
the measurements of Russo et al (i.e. t -1/2), and different decay mechanisms might 
therefore be expected to dominate, the t ~ 0-45±0 03 decay was observed for similar pump 
intensities as those in Russo’s work, so it seems likely that the same mechanism is 
responsible. Zhu et al mistakenly stated that a t - 1 / 2 decay behaviour implies non­
identical particles. As discussed in section 1.4.2, this is not the case, and this mistake 
suggests that they were wrong to rule out a diffusion-limited annihilation process as 
being responsible for their observations.
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Figure 1.24: A t - 0 4 5  power law decay from [44], attributed to subdiffusive/ dispersive 
transport of excitons towards defect-related traps
Diffusive trapping o f excitons
The long time delay behaviour of measurements reported by Ma et al [45-47] was 
fit using a stretched exponential function. The physical origin of this function was 
tentatively attributed to diffusive motion of excitons in the presence of static traps, 
following the theoretical treatment of Grassberger et al (see equation 1.31). These 
measurements were performed at much lower excitation densities than those used in [33], 
as was the case for Sheng’s measurements showing a t~0'75 decay behaviour. That such 
different decay characteristics can be seen suggests that perhaps there were sample 
differences, which modified the nature of the microscopic random walk undergone by
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excitons (pure Brownian motion in the case of Ma, as opposed to an anomalous diffusion 
for Sheng).
1.3.5 Exciton annihilation in SW NTs neglecting transport 
effects
Experimental and theoretical papers have been published in which exciton-exciton anni­
hilation is invoked as a decay mechanism, in which no consideration of exciton transport 
is made. This is in stark contrast to the interpretations presented above, and ignores 
the localisation of excitons to within a few nm along the SWNT axis [22,29]. With this 
in mind, we now summarise the main papers and results.
Valkunas et al [48] presented an interpretation in terms of mean-held, reaction- 
limited exciton-exciton annihilation that will be described later (see equation 1 .2 1 ). 
The authors ruled out diffusion-limited annihilation on the basis of the results shown 
in figure 1.25, for which the data is shown on two scales. Linearity versus the left axis 
(upper plot) is consistent with one-dimensional diffusion-limited annihilation, while 
linearity versus the right axis (lower plot) suggests reaction-limited annihilation. The 
authors state that the reaction-limited case is a much better ht, which we believe to be 
a questionable conclusion.
Delay Time (ps)
Figure 1.25: Pump-probe data from ref [48]. Description in text.
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Barzykin et al, [49], in 2005 developed a stochastic model to explain the observation 
of intensity-dependent early decay components in time-resolved photoluminescence data 
[28]. The model assumes that only a few excitons can be created per nanotube. It is 
based upon the probability, pN{t), of finding N excitons on a tube as a function of time.
=  PN+1 { i t  + 7 a + 1 )  (N  +  1) ~  PN ( i t  +  1 a )  N  (1.13)
where 7  and 7 a are, respectively, the time-independent rates of trapping at defects 
and Auger recombination of excitons. The average number of excitons per SWNT N{t) 
is given by:
00
N{t) = Y , N p N{t) (1.14)
iV=l
Substitution of eq. 1.14 in eq. 1.13 gives an analagous rate equation to the standard
reaction-limited rate equation (eq. 1 .2 1 ), with an extra component due to the trapping
of excitons at defects:
dt = - i W )  -  z 1aN (N  -  !)(*) (1.15)
For equivalence between this and the standard rate equation, N (N  — 1 ) = N 2. At 
non-zero time this equality does not hold [50] and the bulk treatment of [48] is no-longer 
accurate; the bulk and stochastic rate equations have different limiting solutions.
-Ntobuik -  N 0 e x p ( - j tt) (1.16)
N (t)stoc. ~  N q exp(—7 ^)
1 - ",_ 1  
1 + -jlANot (1.17)
Following this theoretical approach, alleged experimental evidence of transitions 
from N =  3—>2—>T excitons per SWNT was presented in 2006 [32], as shown in figure 
1.26. The apparent grouping of traces is attributed to TV varying from 1 —> 2 —> 3 with 
increasing intensity. Exciton annihilation is proposed to cause a step-wise reduction in 
average exciton population per nanotube. It is not clear from [32] how a quantisation 
in a quantity such as N  which is an average value over a very large ensemble of SWNTs
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may arise. It should be emphasized that there is a similarity between the explanation 
used in [32], and that in explaining the t - 1 / 2 behaviour of Russo et al Auger like 
exciton-exciton annihilation is said to reduce the population of excitons on a SWNT in 
each case; the significant differences are that:
• The analysis of [33] considers large numbers of excitons per SWNT, based on 
the experimentally measured absorption cross-section for a SWNT presented in 
ref. [51], whereas [32] only considers a maximum of 3 excitons per nanotube. This 
is despite similar excitation fluences being used in each case.
• In [33], diffusive transport of excitons is crucial, whereas in [32] there is no mention 
of transport of any kind. This implies either delocalisation of excitons along the 
length of the SWNT, or an interaction length on the order of the nanotube. 
Delocalisation is inconsistent with all theoretical models for the exciton size [22, 
29,52], all of which estimate that it is of the order of 2-5 nm. An interaction 
distance of ^  100 nm is also unexpected. In conjugated polymers, for example, 
interactions between excitons are found to occur only when the excitons are within 
a few nm of one another [53].
=}
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Pump-probe delay (ps)
Figure 1.26: Pump-fluence dependence of early decay behaviour. Although the fluence 
is varied smoothly, there is an apparent grouping of traces in which the initial value of 
N  goes from 1 —»• 2 —»■ 3 with increasing intensity.
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1.3.6 Intraband relaxation and intertube relaxation pathways
Excitons excited high above the band-gap of a semiconducting SWNT may rapidly 
relax towards the lowest excitonic energy level. This relaxation occurs on sub-100 fs 
time-scales, so it wasn’t until investigation with sub-10 fs laser pulses [54] that the 
dynamics were observed. It was found that the relaxation from the second energy level 
to the first followed an exponential decay with a time constant of ~40-50 fs. 2
Pump probe measurements have also been carried out on SWNTs in different en­
vironments, showing different decay kinetics. Measurements of samples deposited on 
transparent substrate [35,38,39,41,55] have shown that the photoexcitations completely 
decay within ~  2—3 ps. The ‘slow’ decay component that exists in well-isolated SWNTs 
is not present.
This ultrafast recombination has been commonly attributed to inter-tube relaxation 
paths for excitons within the bundles of SWNTs. Due to the tight packing of SWNTs, 
an exciton created on a semiconducting SWNT can be transferred to a neighbouring 
metallic SWNT; once on a metallic SWNT the exciton can rapidly thermally relax back 
to the ground state due to the lack of a band-gap (see section 1.2.2). It is the removal 
of such inter-tube effects which makes the isolation of SWNTs in suspension desirable 
if their fundamental photophysics is to be better understood.
1.4 Transport of particles in one-dimensional sys­
tem s
A crucial consideration for localised excitons in a ID system is transport of the excitons. 
Although they are neutral, and therefore don’t move under application of an electric 
field, excitons are able to move via thermally driven Brownian motion, and this will be 
crucial to the interpretation of results presented in later chapters.
2Such a fast decay can not be resolved using the ~  100 fs pulses produced by our laser system, arid 
therefore intraband relaxation is not expected to be observed in our measurements.
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1.4.1 Diffusive motion
In diffusive motion (Brownian motion), a particle undergoes a random walk, in which 
changes in direction occur at random intervals. It can be shown that the distribution 
of these intervals tends to a Gaussian distribution via the central limit theorem, and 
the resultant mean-squared displacement of the particle is linear in time (see, eg. [56]):
(x2(t)) =  2 D t , . (1.18)
where x  is the displacement of the particle from its starting position and D  is the 
diffusion constant. In order to model random walk, it is computationally convenient to 
assume a constant hopping length A x, and that these hops occur at a typical interval 
of thop- Under these assumptions:
D = W )-  (1-19)^hop
Diffusion is a hugely important phenomenon, which is applicable in a wide range of 
chemical, biological and physical systems. Of the vast amount of literature concerned 
with diffusive transport, it is that on the subject of diffusion-limited reactions in one- 
dimension which is of most direct applicability to our work, and it is this area which 
we summarise here.
1.4.2 Diffusion- and reaction-lim ited annihilation/ coagulation  
in one-dimensional system s
There exists in the literature well-established theoretical treatment of diffusion-limited 
two-particle reactions, such as annihilation or agglomeration, occurring between pairs 
within an ensemble of particles [57-62]. An important outcome of the theory and 
modeling performed in this literature is that the decay behaviour is critically depen­
dent on the dimensions to which the ensemble is constrained i.e. the functional form 
varies depending on whether the particles are confined to move in 3, 2 or 1 dimensions 
(in zero dimensions, there is no transport so the idea of a diffusion-limited process is 
meaningless).
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All these theory papers deal with generic particles and apply to a wide range of 
physical systems eg. chemical reactions, electron-hole annihilation and aggregation of 
mobile defects. However, in terms of the work presented in the experimental chapters, 
the important application of such a theory is concerned with mobile photo-induced 
excitons in the quasi-ID SWNT. The details of these excitons are presented in section 
1.2.4.
R eaction-lim ited annihilation: the tim e-independent rate constant
‘Classical’ reaction kinetics describe systems in which the reactants are ‘well-stirred’ 
(to use a chemical analogy), such that they are distributed evenly across the whole 
reaction space. For excitons, a physical stirring (as used for chemical reactions) is 
not achievable, but an even distribution may, under certain conditions, be obtained 
via ‘diffusive stirring’ (or ‘self-stirring’) of the excitons. It is found (see eg. [57,62]) 
that in systems of dimensionality d >  2, the nature of the random walk of particles in 
the ensemble efficiently ‘re-randomizes’ the spatial distribution of particles sufficiently 
rapidly that a constant supply of pairs for the annihilation reaction is maintained.
A generic two-body reaction between identical particles, in which one particle is 
removed from the system, is described by:
A +  A —>■ A (1.20)
In the case of classical kinetics, the reactant concentration, [A], is governed by a 
time-independent rate constant, K:
d[A]/dt =  -K [A ]2 ,
which can be straightforwardly solved to give
[A(t)] = [A0](l + [A0]m r 1 , (1.22)
where [A0] is the initial concentration. In the limit of [A0]Kt >> 1 (i.e. at long
times), the concentration of reactants follows a 1 /t decay behaviour.
(1 .21 )
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Diffusion-lim ited annihilation - the tim e-dependent rate coefficient
In one-dimensional particle ensembles (excitons on a SWNT), reactions of the form 
expressed in equation 1 .2 0  exhibit a different decay behaviour, and the above rate 
equations are no-longer valid. This is due to the ‘compact’ nature of diffusive motion 
in systems of dimensionality d < 2, and the failure of the assumption that there is 
constant supply of particle pairs for annihilation, which was crucial in the derivation of 
equation 1 .2 2 .
The compact diffusive motion for d <  2  means that ‘the particle is likely to remain 
in its initial vicinity, and will eventually recross its starting point...the random walkers 
mostly “oscillate” around their initial positions’ [62]. This phenomenon means that 
particles in ID systems can not eliminate spatial fluctuations in density. Hence the 
distribution of particles becomes more ordered, rather than more random, with time. 
Classical kinetics no longer apply. Instead, the reaction rate is determined by & time 
dependent rate coefficient k(t), where the time dependence of k{t) derives from the 
self-ordering of the reactants. I.e.
d[A]/dt = —k(t)[K\2 (1.23)
The exact form of k(t) depends on the dimensionality of the system. It is related 
to the mean number of distinct sites, S(t), visited by the diffusing particle via:
k{t) = ^  (1.24)
For the ID random walk, S(t) oc t 1/2, so k{t) = ya^- 1 / 2 [62], where yA is the time
independent rate constant due to annihilation. 3
Therefore, if the population of excitons, TV, on a SWNT is governed by diffusion 
limited exciton-exciton annihilation, we can write:
. (1-25)
Integration of this rate equation gives the exciton population as function of time:
3In the generalised theory [62], k{t) oc f_ (1_cW2), where ds is a ‘spectral’ dimension that can be 
non-integer, describing a fractal space.
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[A(i)] = [A(0)](l + 7A[A(0)]Vt) 1 (1.26)
At long times, [A] (t) as described by equation 1.26 tends to a 1 /x /t decay behaviour, 
i.e. as might be expected, the self-ordering of particles in ID leads to a slower decay 
than the 1 /t behaviour expected if they are able to re-randomize efficiently.
This distinction will be highly important in the interpretation of our pump-probe 
data in chapter 5.
A nnihilation of non-identical particles
Up until now, we have considered identical particles. If the reaction is instead between 
non-identical particles:
A +  B — Products , (1.27)
the kinetics is affected by local fluctuations in the difference in densities of particles 
A and B. A local excess of one type of particle leads to the formation of a ‘domain’ of 
that particle, in which no A +  B reactions are possible [57,61]. This domain formation 
slows down kinetics; in one-dimensional systems, a t - 1 / 4 dependence is observed [57], in
contrast to the t - 1 / 2 behaviour found in the case of identical particles discussed above.
Such reaction kinetics would be expected to describe the case of population decay in 
an ensemble of free electrons (A) and holes (B) constrained to travel in one-dimension.
1.4.3 Reaction-diffusion system s
Two time-scales can be used to characterise a reaction-diffusion system; the diffusion 
time, Id , which is the time taken for excitons to ‘find’ each other, and the reaction time, 
tR which is the time taken for the exciton annihilation to occur once two excitons have 
found each other.
If the reaction time is much larger than the diffusion time, then the annihilation 
process is reaction-limited. Many molecular collisions may take place before the intrinsic 
reaction rate allows a reaction to occur. For the case of highly-excited SWNTs, this 
corresponds to multiple exciton-exciton ‘collisions’ occurring within the time constant
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of the Auger process.
However, if the reaction time is negligible compared to the diffusion time, the anni­
hilation reaction is diffusion limited.
reaction probability p. The decay was modeled using a phenomenological approach, 
resulting in the central equation:
Here, p0 is the initial population, and pc is referred to as the crossover density, and
direct quantitative comparison of this model with experimental data.
It was found that reaction probability, p, becomes relevant only at short times.
is decreased. This is because for decreased reaction probability, the distribution of
In [64], Zhong and Ben-avraham presented an analytical treatment of a ID reaction-
rate is infinite (i.e. p =  1 ); in this case population decay is always diffusion-limited. 
They refer to [63], saying
‘(they) have found an interpolation formula for the challenging interme­
diate regime, which fits the simulation data reasonably well. However, the 
derivation is largely phenomenological and it requires a scaling ansatz which 
we find physically obscure’
Hoyuelos et al [63] studied the bimolecular annihilation reaction with diffusion, and
(1.28)
describes the particle density below which the asymptotic t - 1 / 2 behaviour typical of a 
diffusion-limited annihilation reaction is observed. In this model, unit time is defined 
as ‘the time needed for then(t) particles to have, on average, one chance to jum p’ [63] 
within the Monte Carlo simulation, and we found it not at all obvious how to make
As expected, when to  tR, the long time decay approaches a t ^ 2 relationship for 
all values of p. The crossover density becomes smaller if the probability of reaction
particles has more chance to ‘self-stir’ itself and the re-entrant nature of the ID random 
walk does not become significant until the particle density reaches a lower value.
diffusion system. This was an extension of their analysis [65,66] in which the reaction
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Figure 1.27: The theoretical predictions of the population decay of particles in one 
dimension which diffuse and annihilate with probability p =  0.005, 0.01, 0.02, 0.04. 
0.08 and 0.16 (from top to bottom ). Taken from [64].
Instead, Zhong and Ben-avraham used a treatm ent based on inter-particle distribu-
density. Using this approach they derive a closed analytic expression for the density of 
particles as a function of time in a system with finite reaction probability. In deriving 
the expression, shown in equation 1.29, there are m athem atical and physical approx­
imations made. The physical approximation is to neglect correlation effects, which is 
justified by the authors who state tha t it is asymptotically correct at short and long 
times, and may therefore be assumed to be a reasonable approximation at interm ediate 
times. The m athem atical approximation allows the result to be expressed in a closed 
form:
where p is the reaction probability, p0 is the initial particle concentration (as a 
fraction) and r  is a dimensionless time, defined as:
tion functions (IPDFs), which represent the mean distance between particles at a given
(1.29)
2D 
T'  (Ax)2* (1.30)
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It is this model, with suitable modifications, that forms the basis of our analysis in 
chapter 5.
Equation 1.29 is plotted for various values of p in fig. 1.27. We see that all traces 
tend to a t - 1 / 2 relationship at long times; this is the diffusion-limited annihilation in ID 
expressed by equation 1.26. At long times the finite reaction rate becomes unimportant, 
and diffusion dominates. At early times and the lowest plotted reaction probability, 
p = 0 .0 1 , the decay behaviour is recognisable as a t _1  relationship at early times; the 
reaction obeys classical kinetics at these times due to the ability of particles to pass 
through one another without reacting and therefore self-stir and rerandomise. With 
increasing reaction probability, p, the deviation from the t - 1 / 2 behaviour at early times 
becomes smaller as this rerandomisation becomes less efficient.
1.4.4 Trapping of particles in one-dimensional system s
The problem of a single particle undergoing diffusive motion in a one-dimensional sys­
tem containing a distribution of static traps was addressed by Grassberger et al in 
1982 [67]. It was found that at long times the survival probability of the particle is 
given by:
P(t) oc exp(—fà1/3) . (1.31)
That the decay is slower than exponential is qualitatively explained by the presence 
of extended regions of the system in which there are no traps; in these regions, the 
particle can roam for very long times without being trapped.
A similar problem, but for a modified random walk, has been treated more recently 
by Yuste et al [6 8 ]. Anomalous diffusion is a modified random walk in which the 
distribution of hopping intervals is non-Gaussian and equation 1.18 no-longer holds. 
This behaviour is generally attributed [69,70] to the presence of so-called ‘bottlenecks’ 
encountered by a random walker in a disordered system. The mean square displacement 
in anomalous diffusion obeys:
{x2(t)} ~  D jt1 , (1.32)
1.4 Transport of particles in one-dim ensional system s 53
where 7  is the anomalous diffusion exponent and D7 is the anomalous diffusion 
coefficient. S'u&diffusive transport refers to the case where 0 < 7  < 1. Ref. [6 8 ] concludes 
that for a system of particles obeying equation 1.32 among a random distribution of 
trapping centres, the population follows a power law decay of the form:
p(t) oct 7 (1.33)
Chapter 2 
Experim ental Techniques
In this chapter we describe the main tools and techniques used in obtaining the results 
presented in later chapters. Firstly, we give a brief description of the amplified ultrafast 
laser system used to carry out non-linear optical measurements. We then describe the 
principles behind, and experimental arrangement of, the ‘Z-scan’ experiment including 
a description of how non-linear optical coefficients may be extracted from Z-scan data. 
Details of the pump-probe technique, referred to in the review of literature in 1.3 are 
then presented. We finish the chapter by discussing the spectrally-resolved pump-probe 
experiment, including a description of how to generate the required broadband (‘white- 
light’) probe pulses.
2.1 The amplified titanium -doped sapphire 
ultrafast laser system
All Z-scan and pump-probe results in this thesis were obtained using an amplified ul­
trafast titanium-doped sapphire (Thsapphire) laser system. This Coherent™laser [71] 
provides high intensity, ultrashort pulses, at a range of wavelengths and repetition rates, 
making it a highly versatile tool for the investigation of non-linear optical properties of 
materials.
The Thsapphire crystal is an excellent material for formation of ultrashort pulses, 
predominantly due to its high gain bandwidth. The larger the gain bandwidth, the 
shorter the pulses that can be formed, and in the case of Ti:sapphire we can obtain
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Figure 2.1: The Ti:Sapphire laser system. The typical power, wavelength and pulse 
duration at the points marked by letters a to i are shown in table 2 .1
sub- 1 0 0  fs pulses (i.e. the pulse length, typically defined as the full-width half-maximum 
(FWHM) is ~  1 0 -1 3  fs). This material also, crucially, has a high thermal conductivity 
which alleviates thermal effects even at high laser powers [72].
The system consists of several units, shown in figure 2 .1 . A summary of the average 
powers, wavelengths and pulse durations at the various points of the system is given 
in table 2.1. The average powers are given for a repetition rate of 250 kHz; the value 
scales linearly with the repetition rate. All pulse lengths are approximate.
Power (W) Wavelength (nm) Pulse Duration Rep. Rate (kHz)
a 1 0 532 cw n /a
b 5 532 cw n /a
c 0.5 800 1 0 0  fs 80 MHz
d 0.5 800 1 ns 80 MHz
e 1.5 800 1 ns 10 - 250 kHz
f 1.4 800 1 0 0  fs 10 - 250 kHz
gl 1.4/0.4/0 800 1 0 0  fs 10 - 250 kHz
g2 0/1.0/1.4 800 1 0 0  fs 10 - 250 kHz
g3 0 / 1 .0 / 1 .4 800 1 0 0  fs 10 - 250 kHz
h i 0/0.06/0.2 ~  1 1 0 0  - 1600 1 0 0  fs 10 - 250 kHz
h2 0/0.06/0.2 ~  1 1 0 0  - 1600 1 0 0  fs 10 - 250 kHz
il 0/0.01/0.04 1 0 0  fs 10 - 250 kHz
i2 0/0.01/0.04 1 0 0  fs 10 - 250 kHz
Table 2.1: The beam parameters at various points in the system shown in figure 2.1. 
Pulse durations are approximate, as they depend on the stretcher/compressor settings.
Two continuous wave frequency-doubled diode-pumped Nd:YV0 4  (‘Verdi’) lasers 
emit 5W/10W of 532 nm radiation to pump the Ti:sapphire crystal in the oscilla­
tor/amplifier.
The Mira seed oscillator generates ~  100 fs pulses at 800 nm via the Kerr-lens
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mode-locking mechanism. These pulses (energy ~  6  n j) are then stretched by a grating 
pair in the pulse stretcher such that they are of the order of a nanosecond in dura­
tion. This stretching is in order to reduce the pulse intensity when it is amplified in 
the RegA amplifier, in which the ~  6  n j  seed pulse is amplified via multiple 30) 
passes through the CW-pumped titanium-doped sapphire crystal. This regenerative 
amplification process, in which the energy is drawn from the 10 W CW pump beam, 
produces pulses with energy around 6  //J. The repetition rate of the pulses after this 
point can be altered between ~  10 and 250 kHz.
The pulses are then recompressed to ~  100 fs in the compressor. The pulses can be 
either taken directly to experiments or sent into one of the optical parametric amplifiers 
(OPAs) for wavelength conversion to between 1.1 and 2.4 /mi. The optical path within 
an OPA is shown in figure 2 .2 .
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Figure 2.2: The optical path within the OPA. [73]
A portion of the 800 nm energy is focused into a sapphire crystal, where strong self 
phase modulation gives rise to a white light continuum pulses. The white light and 
remnant 800 nm beam are then focused into a non-linear crystal (/3-barium borate, 
BBO). A signal pulse in the range 1.1 - 1.6 f i m  and a perpendicularly polarised idler 
pulse in the range 1.6 - 2.4 /tm are created via parametric amplification (see eg. [4]):
1 -I- ' =  > ' -  ' (2 .1 )s^ignal i^dler -^ pump 800 nm
The wavelength of the signal and idler pulses are tuned by changing the angle of
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the BBO crystal, which alters the phase-matching conditions for the optical parametric 
amplification process [4].
The tuning curve for the optical parametric amplification process is shown in figure 
2.3, taken from the paper reporting its invention in 1996 [74].
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Figure 2.3: The signal and idler wavelengths of the OPA used in our work as a function 
of the BBO crystal angle. Taken from [74]
2.2 Definitions of beam /pulse parameters
We now introduce the most important parameters defining the spatial and temporal 
variation of the ultrashort pulses produced by the laser, and quantities that may be 
derived from these parameters.
The radial profile of the pulses produced by the Coherent system is to a good 
approximation described by the fundamental Gaussian TEM0o mode. This is described 
by:
_2r2 , .
I(r) = Ioew^ y2 , (2 .2 )
where I (r) is the radial intensity profile, I0 is the on-axis intensity and r is the radial 
coordinate. The beam radius w(z) varies along the beam direction, and is defined as 
the point at which the intensity falls to a fraction equal to 1 /e 2 of its maximum value. 
The longitudinal variation of w is given by:
2.2 D efinitions of beam /p u lse param eters 58
w(z)
2w,
Figure 2.4: The longitudinal variation of beam radius of a Gaussian beam
w(z) =  Wq 1 +
TTWr
1/2
(2.3)
/0.
where wq is the radius at the focal point of the beam and À is the wavelength. This 
variation is shown schematically in figure 2.4.
The confocal length, zq, of the beam is defined as the distance over which the beam 
expands by a factor of V 2  and is given by:
*  =  (2.4)
Calculation of the energy density at the sample is given by:
Energy density (J/m 2) =  Pulse e^ er^  . (2.5)
where the sample is placed at the focal point, such that the illuminated area is given 
by ttuiq. The energy density is what determines the strength of the pump-probe signal.
In order to determine the energy density, we need to know the pulse energy, EpU\se, 
and the beam radius, w0. The pulse energy can be found simply from:
2.2 D efinitions of beam /p u lse param eters 59
The average power is the experimentally measured quantity; a silicon photodiode 
is used in the detection of 800 nm radiation and a germanium photodiode for OPA 
wavelengths.
We experimentally measure w0 by translating a razor blade across the beam and 
monitoring the transmitted power as a function of its position. It has been shown [75] 
that the beam radius is given by:
w(z) = 0.552v^|xio — x 90\ , (2.7)
where X\q and rrgo are the positions of the razor blade for which 10% and 90% of 
the total beam power are transmitted.
We will present results from the Z-scan experiment, in which the measured signal 
is proportional to the peak power in the pulse. Direct calculation of the peak power of 
the pulse relies on knowledge of the pulse duration and temporal profile. For a pulse 
with a Gaussian temporal profile, which is a good approximation for the pulses from 
the Coherent system, the peak power can be found via:
^ ( w , it,rgw(l)M m
Direct measurement of the pulse duration was achieved using a commercial scanning 
auto-correlator (Spectra Physics, model 409). However, this was not optimised for use 
with the amplified Coherent system and significant noise on the obtained autocorrela­
tion traces meant that this was not an ideal measure of pulse duration. An alternative 
measure of the pulse length is to use the rise time of a pump-probe signal, assuming in­
stantaneous excitation. This is described in section 2.4. In the interpretation of Z-scan 
results, in which the peak intensity determines the strength of the non-linear optical 
effect, one can avoid direct calculation of the peak intensity by standardisation against 
a reference sample of known non-linear properties. This approach is preferable in that 
it avoids potentially large errors that propagate through direct calculation of the peak 
intensity.
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2.3 Z-scan experim ental technique
The ‘Z-scan’ technique was developed in the early 1990s [76] as a simple but very 
sensitive means of measuring the non-linear refraction (NLR) and non-linear absorption 
(NLA) coefficients of materials. A non-linear sample is translated through the focal 
point of a focused laser beam, and resultant changes in the detected signal with sample 
position occur due to the intensity-dependent absorption and refraction coefficients, (3.. 
and 7 ; the details are discussed in the following sections.
2.3.1 Experimental set-up
The ‘open aperture’ Z-scan configuration is shown in figure 2.5(a); this set-up allows 
measurement of non-linear absorption. The ‘closed aperture’ configuration incorporates 
an aperture in front of the detector, as shown in figure 2.5(b), and allows determination 
of non-linear refraction deriving from either electronic or thermal effects (see section 
1.1.5). The detector was a silicon photodiode for 800 nm measurements and a germa­
nium photodiode for measurements using the OPA output. The focusing lens had a 
focal length of 300 mm, giving a confocal length of ~  4 mm.
The beam radius as a function of distance along the optic axis is shown in figure 
2 .6  for 800 nm.
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(a) Open-aperture Z-scan set-up and example trace for a material 
with negative /3 (i.e. showing saturable absorption). L =  plano­
convex lens, S =  sample, D =  detector.
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(b) Closed aperture Z-scan set-up and example trace shown for a ma­
terial with a positive 7 (self-focusing). A =  aperture, allowing only 
the central portion of the beam to reach the detector.
Figure 2.5: Schematics of the open- and closed aperture Z-scan set-ups
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Figure 2.6: The divergence of the beam used in our experiments, calculated using 
equation 2.3 and our experimentally determined value of wq
2.3.2 Qualitative interpretation of Z-scan data  
Open aperture
The open-aperture Z-scan set-up, shown in figure 2.5(a), is used to determine the non­
linear absorption coefficient, /? of a sample. All light that is transmitted by the sample 
is collected by the detector (i.e. there is no aperture, and the beam size is significantly 
smaller than the detection area) ; this ensures that non-linear refraction has no effect 
on the measured power at the detector (D).
As the sample is translated towards the focal point at z =  0, the peak intensity, 
I(z)  of the pulses incident on the sample increases via the reduction in beam radius, 
w(z). This leads to an increase in the non-linear contribution to the absorbance, which 
is given by a NL =  y5/(z) as described in section 1.1.5. If the sample exhibits saturable 
absorption, then (3 is negative and we see a typical peak in the power measured by the 
detector, as shown as the inset in figure 2.5(a). If the sample exhibits two-photon (or 
general multi-photon) absorption, /3 is positive such that a valley, rather than a peak, 
would be observed in the Z-scan trace.
In order to ensure that the detector collects all the light, a lens is used to collimate
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the beam so that the finite size of the detector does not act as an effective aperture in 
the presence of strong non-linear refraction.
Closed aperture
The c/osed-aperture Z-scan experiment is used to measure the strength of non-linear 
refraction of a material. This non-linearity may be purely electronic i.e. due to the 
optical Kerr-effect (OKE) (see section 1.1.5). Alternatively, the non-linearity may be 
thermo-optic in nature i.e. due to thermal leasing (see section 1.1.5). The Kerr effect 
is in general a self-focusing non-linearity, for which 7  is positive. In liquid samples, 
thermal leasing is a self-defocusing non-linearity, with a negative effective non-linear 
refraction coefficient.
Figure 2.5(b) shows a schematic of the closed Z-scan set-up, along with a represen­
tative trace for a sample exhibiting a self-focusing (OKE) non-linearity. For sample 
position z < 0, the OKE brings the pulses to an earlier focus, as shown by blue lines. 
The beam radius, u;(z), at the aperture is therefore larger than it would be in the 
absence of non-linear refraction. Hence the aperture blocks a greater proportion of the 
pulse intensity, and there is a dip in the measured power (as seen in the Z-scan trace 
in the inset). When z > 0, the self-focusing reduces the beam divergence of the beam 
such that w(z) is smaller at the aperture than it would be in the absence of non-linear 
refraction. The aperture therefore blocks a smaller proportion of the pulse intensity, 
and there is a peak in the measured power at the detector.
Far from the focal point of the beam, the strength of the non-linear refractive effect 
is very small, and the transmission tends to the linear transmission.
The closed aperture trace is clearly also affected by the non-linear absorption of 
the sample. The contribution of non-linear refraction alone can, however, be found by 
dividing the normalised closed aperture trace by the normalised open aperture trace 
for the same input power, hence removing the contribution of non-linear absorption.
2.3.3 Quantitative interpretation of Z-scan data
Having qualitatively described the principles underlying the Z-scan technique, we now 
outline the mathematical description of the technique, which allows us to quantitatively
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analyse Z-scan data. The analysis is taken from ref. [76], which was the original paper 
on the Z-scan technique. The results are applicable in the case of a sample of length 
L, which satisfies L < z0. An analysis of thermo-optic contributions to Z-scan data, as 
derived in ref. [77], is also presented
Closed aperture - m easurem ent o f the optical Kerr-effect
In order to quantify the effect of non-linear refraction on the Z-scan trace, the phase shift 
imposed on photons passing through the non-linear material needs to be derived. Aÿ is 
the change in phase of a wavefront due to non-linear refraction on passing through the 
medium. The variation of the phase of a beam on passing through a non-linear sample 
is given by equation 2.9:
i ^  =  l I k ' (2-9)
where 7  is the non-linear refraction coefficient, I  is the irradiance of the incident 
beam, k is the wavevector of the radiation and z' is the distance of propagation through 
the sample. This can be solved to give the radial and longitudinal variation of the phase 
shift as a function of the sample position, z, the radial coordinate, r, time t and the 
beam parameters, w0 and z0.
The radial variation of the non-linear phase shift when the sample is at position z 
is given by:
A ^(z ,r) =  A<^ o (z) exp , (2.10)
where Aÿ0 (z, t) is the on-axis non-linear phase shift and can be expressed as a 
function of sample position, z :
A^o(z) -  i  +  z °jz 2 > (2-11)
where A $ 0 is the on axis phase shift at the focal point. Thus the phase shift 
follows the Gaussian irradiance profile of the beam, both radially (equation 2.10) and 
longitudinally (equation 2 .1 1 ). A $ 0-
The phase change on passing through a slab of material of length L and refractive
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index n is given by =  nkL. For the case of non-linear refraction, and taking the 
time averaged change, we get:
A $ 0 =  k(7I0{i)}L =  k y ^ = L  , (2.12)
where I q is the peak on-axis intensity at focus. The parameter of interest is 7 , which 
is the material parameter and determines, for example, the potential of a material for 
use in all-optical switching applications. Rearranging equation 2.12:
- - ‘ W 1  ( 2 - 1 3 )
R ela tin g  A<h0 to  ex p erim en ta l Z-scans Equation 2.13 is the first of two important 
equations in interpreting closed-aperture Z-scan data for materials showing an electronic 
non-linearity. The second relates A$o directly to the Z-scan. This is what we now 
address. The derivation of this relationship is, unfortunately, highly mathematically 
involved and beyond the scope of this work. It is based on a ‘Gaussian decomposition’ 
method in which the complex electric field i.e.
E g (r , z , t)  =  E ( r ,  z , (2 .1 4 )
exiting the non-linear sample is expressed as a summation of Gaussian beams [76, 
78]. Although the full solution of this approach is very complicated, truncation of the 
summation to two terms, and imposition of a far-field condition leads to a relatively 
simple expression for the transmission as a function oî x = z / zq and non-linear phase 
shift, A 0 Q:
T(Z,  A $ 0.Ken.) =  1 -  +  iX O ^ o ) 2 +  9) ^
This expression applies to data that have been normalised such that T  = 1 far from 
the focal point.
Solving dT(z, A<f>0)/dz  = 0 gives the peak and valley positions as ±0.858z0. Hence, 
AZp„v is given by:
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^-2p-v,Kerr — . (2.16)
Substitution of equation 2.16 into equation 2.15 gives:
ATp_U)Kerr ^ 0.406 |A^0| • (2.17)
Equation 2.17 gives us a straightforward means of recovering the non-linear phase 
shift and therefore 7  (from eq. 2.13).
Open aperture - non-linear absorption
As explained in section 2.3.2, open-aperture Z-scan measurements are sensitive only 
to the non-linear absorption of a sample. Via spatial and temporal integration of the 
transmitted pulses through a sample of length L  with non-linear absorption coefficient 
/3, it was shown in [76] that the open aperture transmission can be expressed as a 
summation:
r w - z ë #  < 2 - i 8 )m=0 x '
where m is an integer, and q0 is given by:
qo{z’t) = i +T^or ( 2 - 1 9 )
In our analysis of open aperture Z-scan traces, it was found that taking the first 
three terms in the summation was sufficient to fit the data.
Closed aperture - therm al lensing
The effect of thermal lensing on the closed aperture Z-scan trace has been treated in 
a few papers was treated in ref [79], by Cuppo et al. A similar theoretical treatment 
as that used to derive the transmission change due to Kerr non-linearities results in 
an analogous expression to 2.15, in which the transmission change due to thermo-optic 
non-linearities is given by:
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( ! - 2 0 )
where A $ 0,th is given by [79]:
From equation 2.20, analagous expressions to equations 2.16 and 2.17 can be found:
(2 .22)
A2],_„,th ~  A $0,th/2
2.3.4 Practical considerations when using Z-scan
C uvette surface contam ination
The cleanliness of the surfaces, both outer and inner, of the cuvette walls is crucial if 
useful Z-scan traces are to be obtained. This is demonstrated clearly in figure 2.7, which 
shows Z-scans of empty cuvettes. In some cases, such problems could be eradicated 
through careful cleaning of the cuvette. Sonication in DeconOO surface active cleaning 
agent (5% dilution), followed by rinsing with distilled water, rinsing with acetone and 
drying in an oven at 80°C was found to be reasonably effective in obtaining clean 
surfaces.
If it was not possible to find a clean region on the sample to eradicate the parasitic 
structure on the trace, the unwanted structure could be removed via post-processing 
of the data. A trace was taken at a very low power, for which non-linear effects are 
negligible and all structure is due to scattering from surface imperfections. Subtraction 
of the normalised low power trace from the normalised high power trace then removes 
most of the parasitic structure. This procedure has been reported previously in [76].
D etection  considerations
It is important when taking open aperture Z-scans that the beam is completely captured 
by the detector element. Otherwise, the finite detection area will act as an effective
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Figure 2.7: The effect of a contaminated cuvette surface on closed aperture Z-scan 
traces.
aperture and the Kerr-effect affects the results. We placed the detector close enough 
to the sample such that this condition was met.
Despite the absence of beam clipping, an asymmetry was seen in the open aperture 
trace. This was found to be due to detector saturation; non-linear refraction alters the 
spot size on the detector, changing the intensity. Hence, when the beam was focused, 
the measured signal decreased; when it was defocused the signal increased. In order to 
avoid this effect, neutral density filters were placed ahead of the detector.
Effect o f beam  alignm ent on closed aperture traces
After division of closed aperture by open aperture traces, imperfect anti-symmetry is 
an indication of misalignment of the beam on the aperture. In order optimise the 
alignment, the aperture was mounted with micrometer adjustment. Closed aperture 
scans were then taken on a sample with negligible NLA for a range of aperture positions, 
with the alignment taken to be optimised when the amplitudes of the peak and valley 
were equal.
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2.4 Introduction to pump-probe measurements
Pump-probe measurements can be used to obtain information on ultrafast phenomena. 
The general principle is that the sample is excited by a strong ‘pump’ pulse, which 
generates some kind of excitation in the sample; in our case, the excitation is a non- 
equilibrium carrier distribution. After an adjustable time delay, r , (controlled with an 
optical delay line) a probe pulse is incident on the sample, and its transmission (or 
reflection) is measured. By monitoring the probe signal as a function of the time delay, 
it is possible to obtain information on the evolution of processes initiated by the pump. 
The probe signal is averaged over many pulses, and a fast photodetector is not required. 
The temporal resolution of the pump-probe technique is therefore fundamentally limited 
only by the pulse duration, so that processes on time-scales of ~  1 0 0  fs can be resolved 
in our experiment.
An example pump-probe trace is shown in figure 2.8. This shows the pump-induced 
change in transmission, AT, of the probe pulse on an arbitrary vertical scale as a 
function of r . For r  < 0, AT =  0, as the pump pulse has not yet induced an excited 
carrier distribution. Around r  =  0, there is a sharp increase in AT as the pump pulse 
arrives. The magnitude of AT(0) increases with increasing intensity of the pump beam.
The rise-time of the pump-probe signal can be used to estimate the pulse duration. 
It is effectively a intensity cross-correlation measurement 1. The width of the auto­
correlation of a Gaussian profile is V 2 x the pulse width. Figure 2.8 shows the onset of 
a pump-probe signal, which has been fit with half a Gaussian wavefunction (the +ve 
delay side has been included for ease of visualisation). The FWHM of this Gaussian is 
~  220 fs, corresponding to a pulse duration of 220/\/2 =  155 fs.
For positive delays, i.e.r > 0, the pump-induced excited population decays back to 
equilibrium via various mechanisms, with various characteristic time-scales. The decay 
may be radiative (i.e. photons are emitted), non-radiative or a combination of both, 
depending on the material/sample being investigated. The processes may involve free 
carriers, for example in bulk materials. However, given the various evidence in the 
literature, it is believed that the processes that govern the return to equilibrium of 
optically excited SWNTs are dominated by excitons.
1 Assuming that the time-constant associated with photo-excitation is sufficiently fast
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Figure 2.8: A pump-probe trace, in which the finite rise time is due to the finite pulse 
length. The rising edge of the trace has been fit with a Gaussian function, shown as a 
red line. The FWHM of this function is 220 fs.
2.4.1 Experimental arrangement
A schematic picture of the non-collinear pump-probe experimental set-up used to obtain 
the results presented in this thesis is shown in figure 2.9.
The probe delay, r , is altered by sending the probe pulses through a computer- 
controlled variable delay line consisting of a gold-plated retroreflector mounted on a 
linear delay stage (Newport MTM100M-PP.1) with a 100 mm scan range and 0.1 /un 
resolution. The extra path length necessary to incorporate this delay line into the probe 
path is matched by additional path length in the pump path (indicated by a dotted 
line in figure 2.9), ensuring the pump and probe pulse can arrive simultaneously within 
the scan range of the stage.
The probe beam is focused onto the sample and recollimated onto the photodiode 
detector ~  1 m beyond the sample position using two 150 mm focal length plano-convex 
lenses. A non-collinear pump-probe arrangement is used, in which the pump beam is 
focused onto the sample, using a 250 mm lens, at an angle of ~  15 ° to the probe pulse, 
which is incident normal to the sample surface. The longer focal length of the pump 
beam leads to a larger spot size than for the probe beam, so that the probe samples a
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Figure 2.9: The non-collinear pump-probe experimental set-up. BS =  beamsplitter, 
RR =  retroreflector mounted on delay stage, S =  sample, PD =  photodiode detector.
region of the sample which is uniformly excited to a reasonable approximation.
The change in delay, At , due to stage translation Ax is given by:
A t  — 2 x  A x /c , (2.23)
where c is the speed of light in air. The delay range achievable with a single pass 
of the delay line is ~  670 ps, with a maximum time resolution of 0.67 fs. A double 
pass of the delay line extends the delay range by a factor of 2 to ~  1.3 ns with a 
corresponding decrease in the maximum resolution to 1.34 fs. This resolution is far in 
excess of that required in our measurements, since the pulse length is typically >  1 0 0  
fs and is therefore the limiting factor in the experimental temporal resolution.
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Figure 2.10: Non-collinear pump-probe set-up. S =  sample; A =  aperture, L =  lens; 
BD =  beam dump; D =  detector. The dotted line shows that the detector is far from 
the sample to minimise detected pump radiation.
2.4.2 Rejection of pump beam
It is important to minimise the amount of the pump beam that reaches the detector. 
A major reduction is possible because of the non-collinearity; an iris is positioned as to 
allow only the probe pulses to pass, and the pump pulses are sent into a beam dump. 
Additionally, polarization rejection is possible for perpendicularly polarised pump and 
probe by using a Gian laser polarizer.
2.4.3 Lock-in measurement of pump-probe signal
Lock-in detection is used for all our pump-probe measurements. A mechanical chopper 
{Signal Recovery, Model 198A) modulates the pump beam at a frequency fi. The 
reference output of the chopper is connected to the reference input of a Perkin-Elmer 
7280 lock-in amplifier, which rejects all signal except that modulated at fi.
For r  < 0, the probe pulses pass through the sample and to the detector unmod­
ulated by the pump pulse. The probe is therefore undetected by the lock-in. For 
t  > 0 , the probe pulse transmission is altered by the presence of the pump beam; 
-^ "probe (t*) = To + A T (t), where T0 is the linear transmission of the sample and A T (t) 
is the non-linear transmission change imposed by the pump-pulse.
2.4 Introduction to  pum p-probe m easurem ents 73
The lock-in measures only A T(r). However sometimes it is desirable to measure 
the absolute value of A T (r)/T 0. In order to measure T0, the linear transmission, the 
probe beam is chopped at f i  in the absence of the pump beam.
2.4.4 Alignment of probe beam to the delay line
In order for the pump-probe experiment to give accurate results, the probe beam must 
remain focused on the same spot on the sample while the delay stage is moved. This 
ensures that the overlap of the pump and probe beams remains constant throughout 
the experiment, and requires that the probe beam must enter the delay line exactly 
parallel to the axis of travel of the delay stage.
The means of achieving this parallelism is shown in figure 2.11. The probe beam 
after the delay stage is passed through a convex lens with a i m  focal length, and sent 
into the far field around 5 m away. If the beam is not parallel to the travel of the stage, 
movement of the retroreflector causes a a lateral shift of the probe beam on the lens; 
this translation induces an angular deviation which in turn leads to a large translation 
of the beam in the far field . When the beam is parallel to the stage travel it hits the 
same point on the lens for all delay stage positions, so no translation of the beam is 
observed in the far-field.
2.4.5 Finding approximate tim e-zero using a fast oscilloscope
Clearly, for the pump-probe experiment to work, it is necessary to ensure that the pump- 
and probe-beam paths are matched in length within the travel of the delay stage. The 
path lengths can be matched approximately by physical measurement of each path. To 
get a more accurate picture of the relative arrival times of pump and probe pulses a 
photodiode connected to a fast oscilloscope (Agilent Infinium 8000 series), is employed.
The pump and probe beams are both aligned onto the photodiode, which is placed 
at the sample position, and the oscilloscope is triggered directly from the internal 
monitor photodiode of the regenerative amplifier to measure the arrival of the pulses. 
It is possible to find the zero delay position to an accuracy of around 50 ps using this 
technique.
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Figure 2.11: Schematic illustration of the procedure to align the probe beam to the 
delay stage. Proper alignment corresponds to a  =  0. If a  ^  0, the beam translates on 
the lens, leading to angular deviations that transform to relatively large translations, 
Ax, of the spot in the far field.
2.4.6 Final alignment procedure
The pump beam alignment is adjusted using the last mirror before the sample so that 
the pump and probe beams overlap spatially at the sample position when observed 
through an infrared viewer (Find-r-scope 84499A-5). A test scan is then run with 
coarse time resolution (~  660 fs) to find the zero delay position; using a sample with a 
strong non-linearity ensures that a peak is seen for non-optimal overlap.
The delay stage is then set to a small positive delay. The signal is optimised by 
altering the alignment and focusing of the pump-beam while observing the measured 
signal amplitude on the lock-in.
2.4.7 Pum p-probe spectroscopy - quantitative interpretation
The fractional change in transmission, A T/T0, of the probe pulse can be related to the 
change in absorption. Neglecting reflection and scattering, the intensity, / ,  of the probe 
pulse as it passes through the sample is governed by:
—^r(z) — [—o: — oN qC az] dz (2.24)
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where the first and second terms correspond to the linear absorption and absorption 
from pump-induced excited species respectively. The fractional change in transmission 
of the probe due to the pump beam, A T/T 0 is then given by:
A T
—— =  exp 
-to
aN 0
a
(1  -  e~aD) - 1  (2.25)
In the case of a thin sample, i.e. aD  <C 1, this becomes:
A T
To
while for thick films:
AT
—<tN qD  {piD 1), (2.26)
Tn
-crTVo/o (a D » l ) .  (2.27)
2.5 Probing multiple wavelengths simultaneously: 
white-light generation
The propagation of intense laser pulses in non-linear media can generate a white light 
continuum or supercontinuum. For pulses of ~  100 fs duration, such as produced by 
our laser system, the physical mechanism dominating the formation of a white-light 
pulse is self-phase modulation [80].
Results of spectrally-resolved pump-probe measurements are presented in this thesis. 
For these measurements, white-light continuum probe pulses are generated by focusing 
800 nm pulses into a 3 mm thick sapphire crystal. It was found in 1994 [81] that pulse 
energies in the range 0.5 /iJ to 2/iJ are suitable for generation of a white-light continuum 
in sapphire. Below this range, there is insufficient irradiance, while for larger energy 
the continuum becomes unstable and degrades to give conical emission and multiple 
filaments.
A schematic of the experimental arrangement for generating white-light probe pulses 
is shown in figure 2.12. Pulses of 0.5 /iJ had insufficient energy to generate a white-light 
continuum pulse spectrally broad enough to cover the energy range of E n transitions 
in SWNTs; this was the minimum requirement for the pulses to be of use in spectrally
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Figure 2 .1 2 : Schematic of the experimental set-up for generation of white-light contin­
uum pulses. VND =  variable neutral density filter, VA =  variable aperture, FL =  5 cm 
focusing lens, CL =  5 cm collimating lens. Both lenses were mounted on translation 
stages with micrometer adjustment.
resolved pump-probe measurements. In order to broaden the spectrum the following 
parameters could be adjusted.
• The pulse energy, using the variable ND filter
• The phase matching condition, using the crystal angle
• The beam profile, via adjustment of the variable aperture
• The peak pulse intensity, by micrometer adjustment of the focusing lens before 
the crystal
The white light passes through a long-pass filter, which cuts out the remnant 800 
nm radiation from the white light generation process. It is then sent to a Jobin- 
Yvon iHR550 spectrometer, where it is detected by a liquid-nitrogen-cooled InGaAs 
photodiode array. The continuous acquisition mode of the Symphony software provided 
with the detector allows ‘real-time’ monitoring when optimising the white-light spectral 
profile.
The optimised white-light spectrum is shown in figure 2.13. The white-light contin­
uum generation was incorporated into the probe path of the pump-probe experimental 
set-up, as shown in figure 2.14.
The 800 nm amplifier output was split by a beamsplitter. 60% was used to generate 
white light continuum pulses using the set-up shown in figure 2 .1 2  within the probe path 
(WLG); the remaining 40% of the 800 nm was sent down the pump path. Remnant
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Figure 2.13: The optimised white-light continuum spectrum, which extends to the 
wavelengths required for probing the E n  transitions of HiPco SWNTs. The dashed line 
shows the background level.
800 nm in the probe path was attenuated by an 850 nm long pass filter, LPF. After the 
sample, S, the probe beam could be sent to either a germanium photodiode, PD, for 
standard pump-probe measurements or to the Jobon-Yvon iHR550 spectrometer with 
liquid-nitrogen-cooled InGaAs array, SP.
To find the zero-delay position of the delay stage, the white-light probe beam was 
sent to the germanium photodiode and the same alignment procedure followed as for 
standard pump-probe measurements. Once the time zero was found, a kinematic mirror 
mount was placed at KM in figure 2.14 and the probe beam sent into the spectrometer 
via input coupling optics and suitable attenuation.
The transmission spectrum of sample in the absence of a pump beam is denoted 
T 0 (A), and the pump induced transmission change by AT(A, r), giving a total trans­
mission as a function of wavelength and delay of:
T(A, T) =  To(A) +  AT(A, r) (2.28)
In spectrally-resolved pump-probe measurements as shown in figure 2.14, it is T(A, r) 
that is detected by the InGaAs array attached to the spectrometer; this is in contrast
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Figure 2.14: The experimental arrangement for spectrally-resolved pump probe mea­
surements. BS - beamsplitter, WLG =  white-light generation apparatus shown in figure 
2.12, RR =  retroreflector, LPF =  850 nm long pass filter, S =  sample, SP — Jobin-Yvon 
1HR550 spectrometer +  InGaAs array, PD =  germanium photodiode detector, KM =  
kinematic mount.
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to the standard pump-probe measurements, in which lock-in detection means only the 
pump-induced transmission change A T(r) is detected. As lock-in detection is impos­
sible with a multi-element detector such as the InGaAs array, in spectrally resolved 
measurements AT(A, r)  has to be found via subtraction of the transmission spectrum 
with no pumping from that with pumping:
Tpump — T n0 p U m p  =  (T 0(A) +  A T (A , t ) )  —  T o(A )
=  A T (A ,T )
The condition of no pumping can be met either by blocking the pump beam or mov­
ing to negative delay. For the results presented in this thesis AT(A, r), was obtained by 
taking alternate measurements at negative delay and the delay of interest, subtracting 
successive scans and averaging.
Chapter 3
Sample Details: Processing and 
Linear Optical Characterisation
3.1 Introduction
In this chapter we describe the range of SWNT samples for which Z-scan and pump- 
probe measurements are reported in later chapters. A brief description of the manu­
facturing and processing techniques used in their production in section 3 .2  is followed 
by presentation and discussion of linear absorption spectra in 3.3. This is a useful 
precursor to the non-linear optical measurements that follow, and allows us, in certain 
samples, to identify the constituent nanotube species.
3.2 Production and processing of SW NT samples
3.2.1 Production of SW NTs by the ‘H iPco’ process
The SWNTs in our samples were all commercially produced by the HiPco (High pressure 
carbon monoxide) process. In this technique, first reported in 1999 [82], clusters of iron 
atoms act to catalyse the disproportionation reaction of carbon monoxide, i.e.
C 0 +  C 0 -» C (s ) - } -C 0 2 .  , (3.1)
SWNTs are ‘built’ from the solid state carbon produced in this reaction. A hemi-
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fullerene cap is formed on the surface of the Fe cluster; this cap then ‘lifts off’ the 
cluster and extra carbon atoms are added to its circumference, forming a constant di­
ameter tube - a single-walled carbon nanotube. By optimisation of growth temperature 
and pressure, the diameters of SWNTs produced by the HiPco process have diameters 
concentrated strongly in the range 0.7 - 1.2 nm [82]. In comparison to SWNTs pro­
duced by other techniques these diameters are relatively small, and have a relatively 
tight diameter distribution. An advantage for our work is that HiPco SWNTs have E n 
transition energies (~  0.9 - 1.1 eV) that lie within the range of photon energies readily 
available from our laser system.
3.2.2 Production of isolated SW NTs in suspension
In order to gain a clear picture of the photophysics of SWNTs, the minimisation of in­
tertube interactions is desirable. Such interactions inhomogeneously broaden the peaks 
due to intersubband transitions, making identification of constituent species impossi­
ble; they also introduce additional relaxation pathways for excitons which complicate 
interpretation of pump-probe data. The minimisation of intertube effects is achieved 
by studying samples in which the SWNTs have been well isolated. This section de­
scribes the means by which this was achieved for the samples studied in the optical 
measurements presented later in the thesis.
Production of single-strand D N A -w rapped single-walled carbon nanotubes  
in aqueous suspension
A large number of measurements of single-strand DNA-wrapped SWNTs in aqueous 
solution are presented in this thesis. This sample was fabricated by our collaborators 
at the University of Southampton; for a detailed description of this fabrication, along 
with prior characterisation of the sample, see ref [83], ‘A Raman probe for selective 
wrapping of single-walled carbon nanotubes by DNA’ .
Single-strand DNA (ssDNA) is simply a single strand of the familiar DNA double­
helix. It consists of a backbone of sugars and phosphates; to each sugar is attached one 
of the four bases: adenine (A), thymine (T), guanine (G) and cytosine (C).
ssDNA has been found to aid in the isolation of SWNTs in aqueous suspension
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Figure 3.1: The chemical structure of ssDNA, showing the sugar and phosphate back­
bone, with the four bases (adenine (A), cytosine (C), thymine (T) and guanine (G) ) 
attached to the sugars. Each base contains a delocalised electron cloud within the 5- 
and 6 -membered rings which can interact with the delocalised ^-electrons of the SWNT.
[84] via the formation of non-covalent bonds between the delocalised electrons in the 
bases and the SWNT wall. This interaction is known as V-stacking\ Through this 
interaction, ssDNA assumes a helical conformation around the SWNT.
Different base sequences were investigated in [84], and it was found that d(GT)n is 
the optimum sequence for wrapping a SWNT. The base sequence for the ssDNA used 
in our non-linear optical measurements was d(GT)2o i.e. 2 0  repeats of the the (GT) 
unit.
Figure 3.2(a) shows a schematic of the wrapping of a SWNT by ssDNA.
To produce our sample, 3 mg of HiPco SWNTs were dispersed in an aqueous solution 
of ss-DNA (1 mg/1, 5ml) using high-shear sonication in an ice water bath at a power of 
45 W; this formed SWNT-DNA hybrids. Immediately after each sonication, the samples 
were centrifuged at 12 000 g min- 1  for 90 min, and then the supernatant, containing 
SWNT-DNA hybrids, and the deposit, containing remaining bundles of SWNTs, were 
collected in different containers. It is the supernatant that was studied in the optical 
measurements presented in this thesis.
AFM images (figure 3.2(b)) clearly show the helical wrapping of ssDNA around a 
SWNT shown schematically in figure 3.2(a). The AFM images also showed tha t the
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Figure 3.2: Schematic diagram (a) (from [85]) and atomic force microscopy image (b) of 
single-strand DNA-wrapped SWNTs. The AFM image was taken by our collaborators 
at Southampton [83].
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Figure 3.3: The chemical structure of the organic polar solvent n-methyl-2-pyrrolidone 
(NMP), in which well-isolated SWNTs are obtained
SWNTs were well isolated and had been cut significantly; whereas a typical length of 
~  1 /im is expected for as-grown HiPco SWNTs, the observed length distribution after 
sonication peaks at ~  100 nm.
P ro d u c tio n  of iso la ted  S W N T s in a p o la r o rganic solvent - n -m e th y l-2 - 
pyrro lidone
It was shown in 2006 [86] th a t SWNTs could be isolated in an organic polar amide 
solvent, n-methyl-2-pyrrolidone (NMP), by sonication using an ultrasonic tip. NMP 
has previously been found to act as a good solvent for SWNTs [86-89], along with 
other amide solvents such as N,N-dimethylformamide (DMF). The structure of NMP 
is shown in figure 3.3. According to ref. [87], the key to the high solubility of SWNTs 
in amide solvents lies in their strong electron-donating properties, which are a result of 
the highly polar C = 0  bond.
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The NMP samples were provided from within the university, by Dr. Alan Dalton, 
Eric Brunner and Izabela Jurewicz. The initial sample set was used for Z-scan mea­
surements; due to degradation of the solvent over time, possibly due to reaction with 
sulphur in the atmosphere, a second set was acquired for the pump-probe measure­
ments. In each case, a range of concentrations of SWNTs were obtained by dilution. 
The concentrations of the first and second sets of samples are shown in table 3.1
SWNT concentration
1 set
1.23 x lO -2 m g /m  
1.37 x lO -3 m g /m
4.52 x lO -4 mg/m
1.52 x lO -4 m g /m  
5.05 x lO -5 m g /m  
5.65 x lO -6 m g /m  
6.27 x lO -7 m g /m
2 nd set
0 .6 6  mg/ml 
0 .1 1  mg/ml
5.5 x lO -2 m g /m
1.1 x lO -2 m g /m
5.5 x lO -3 m g /m
1.1 x lO -3 m g /m
5.5 x lO -4 m g /m
1.1 x lO -4 m g /m
Table 3.1: The concentrations of SWNTs in the 1st and 2nd sets of suspensions in NMP
In order to achieve a high proportion of isolated SWNTs, the samples were sonicated 
using a high power tip sonicator, followed by a lower power bath sonicator.
For the 0.11 and 0.055 mg/ml samples, the suspensions were unstable and would 
agglomerate on timescales of ~  2  hours, to form clusters of nanotubes clearly visible 
to the naked eye. We broke up these agglomerates to obtain a uniform distribution 
of tubes in the cuvette by using ~  1 hr bath sonication. The cuvette containing the 
sample was placed in distilled water within a plastic centrifuge tube, which was placed 
in an ultrasonic bath. On applying ultrasonic waves to the sample for ~  Ihr  it was 
found that all visible clusters of nanoutubes had been broken up to leave a uniform 
light grey dispersion of nanotubes. This uniformity persisted for long enough to take a 
limited number of optical measurements before resonication was required.
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3.3 Absorption spectra of SW NT samples
The linear absorption spectra of our SWNT samples were obtained using a commercial 
Cary 5000 UV-vis-IR spectrophotometer, which covers wavelengths from 300 nm to 
3.3/zm using a range of sources and detectors [90]. Spectrosil™ fused quartz cuvettes 
with a 1 mm path length are used to hold the SWNT suspensions for these measure­
ments. The material was chosen because of its high purity and low absorption in the 
wavelength range of interest for SWNTs.
3.3.1 Absorption spectra of ssDNA-wrapped SW NTs in aque­
ous suspension  
Raw absorption spectrum
The ssDNA-SWNT sample is optically very dense and homogeneous, and was found to 
remain stable against agglomeration after long spells of laser irradiation. Checks of the 
linear absorption spectra were made on a regular basis; no changes were found to occur 
on timescales of months.
The absorption spectrum of the ssDNA-SWNT sample versus wavelength is shown 
in figure 3.4, with dotted lines passing through the multiple peaks due to intersubband 
absorption included for ease of reference in the following discussion.
The magnitude of the absorption allows us to estimate the concentration of SWNTs 
in the sample, by comparison with the absorption spectrum of a sample of known 
concentration (SWNTs in NMP, discussed in the next section). Assuming that the 
absorbance, a, scales linearly with concentration, we obtain a value of 0.41 mg/ml.
The absorption spectrum of the ssDNA-SWNT sample contains a large contribution 
from the 7r-plasmon resonance, centred at around 4 eV. Rigorously fitting the whole 
absorption spectrum (including the background) was a time-consuming and unreliable 
procedure. The dominance of the plasmon background is thought to be the cause of the 
unreliability. Therefore we used an intermediate fitting step to determine and remove 
the contribution of ^-plasmon background. After this had been removed, fitting of the 
narrow peaks due to En and E22 inter-subband transitions was possible.
Initially, the whole absorption spectrum as a function of energy was fit with a phe-
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Figure 3.4: Absorption spectrum of the ssDNA-SWNT sample, showing a broad tt- 
plasmon resonance centred at short wavelengths and narrow peaks due to intersubband 
transitions. The wavelengths of peaks labelled 1 to 17 are shown in table 3.2.
nomenological set of Lorentzians i.e. the peak energies were uncorrelated with literature 
values of E n and E22 . We fixed the energies of the Lorentzians to the experimentally ob­
served values, but the widths were allowed to vary. Different peak widths were allowed 
in the fit for the semiconducting E n, semiconducting E22 and metallic En  transition 
ranges. A broad Lorentzian was used to represent the 7r-plasmon resonance, the peak 
position, amplitude and width of which were allowed to vary. The amplitudes of all the 
narrow Lorentzians were constrained to remain positive.
The absorption spectrum along with the multiple Lorentzian fit is shown in figure
3.5.
The broad Lorentzian corresponding to the 7r-plasmon resonance is shown as the 
blue line in figure 3.5; the resonance has a width, wpiasmon, of 4.65 eV, and a peak at
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Peak A(nm) E (eV) Peak A(nm) E (eV)
1 453 2.74 1 0 970 1.28
2 509 2.46 11 989 1.26
3 558 2.23 1 2 1039 1 .2 0
4 596 2.09 13 1072 1.16
5 653 1.90 14 1132 1 .1 0
6 680 1.83 15 1191 1.04
7 733 1.69 16 1269 0.98
8 804 1.55 17 1336 0.94
9 872 1.43
Table 3.2: The wavelengths of the peaks labelled in figure 3.4.
4.05 eV. Having extracted this Lorentzian, we subtract it from the raw data to get 
a background set of peaks upon which we perform more rigorous fitting procedures, 
considering the literature values for E n  and E22 as a starting point for the individual 
peaks.
Subtracting the broad 7r-plasmon resonance extracted from this fit, we obtain a 
background-free set of peaks due to intersubband transitions in both semiconducting 
and metallic nanotubes. The E n  transitions lie in the range 0.85 to 1.4 eV, E22 transi­
tions lie between 1.4 and ~2.6 eV, while higher energy peaks are attributed to metallic 
E n transitions. These divisions were made on the basis of the tabulated values in appen­
dix A and the previous interpretation of transmission electron microscopy images [82] 
to show that HiPco SWNTs have diameters in the range ~0.7 - 1 .2  nm
Id en tifica tio n  of co n s titu en t (n ,m ) species
The set of transition energies EC)i for a comprehensive set of semiconducting nanotube 
species is shown in table A .l in appendix A, taken from [19]. This table covers nan­
otubes with diameters much smaller and much larger than the range found for HiPco 
SWNTs; the full set is included for completeness. The values are calculated via empir­
ical functions derived from the fluorescence measurements of reference [17], which are 
also found in appendix A.
We determined the likely semiconducting SWNT species present within the sample 
by comparison of the peaks observed in the background-free absorption spectrum with 
the tabulated energies in table A.I. Possible contributing species to each experimental 
peak were identified from the table. We found that the number of potential species
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Figure 3.5: The absorption spectrum of ssDNA-SWNT plotted as a function of energy 
(black) along with a multiple Lorentzian fit (red) and the broad vr-plasmon component 
of this fit (blue)
contributing to each peak was often more than one due to the close spacing of the 
transition energies of the tabulated (n,m) species.
The number of contributing species was then restricted by comparison of the poten­
tial contributing species to absorption peaks in the En  and E22 regions of the spectrum. 
Only if a species was potentially present in each subband region was it included in the 
set of species th a t would be used to fit our experimental curve. The species th a t were 
found to satisfy this requirement are shown in table 3.3 along with the literature values 
for their transition energies.
Peaks at higher energies in the spectrum were designated as being metallic and 
therefore not able to be characterised by the excitation-emission technique of reference
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(n,m) E n Peak E22 Peak
(1 0 ,8 ) 0.844 1.426 9
(1 2 ,2 ) 0.900 18 1.807 6
(9,7) 0.938 17 1.563 1 0
(8,7) 0.981 16 1.702 7
(11,3) 1.036 15 1.564 1 0
(7,6) 1.107 14 1.914 5
(9,2) 1.090 14 2.251 3
(8,4) 1.116 14 2.105 4
(1 0 ,2 ) 1.177 13 1.683 7
(7,5) 1 .2 1 1 1 2 1.921 5
(7,3) 1.250 11 2.457 2
(6,5) 1.270 1 0 2.190 3
Table 3.3: The deduced (n,m) species present in the aqueous solution of ssDNA-SWNT, 
along with their 1st and 2 nd transition energies and the corresponding peaks in the 
absorption spectrum.
Fitting  o f m ultiple Lorentzian peaks to  background-free absorption spec­
trum
The values of transition energies in table A (from [19]) were used as initial estimates 
of the peak energies of the intersubband peaks. In order to account for any potential 
environmental effects on the transition energies a global shift parameter, diEc, where 
E c is the centre wavelength of the Lorentzian fit, was introduced.
/  (j?) =  Q0 + 2wi A,; (3.2)
7T 4:(E — E Cii — dEc))2 +  wf
In equation 3.2, œq is a constant background, which was initialised to be 0 and found 
to vary negligibly upon fitting; w% is the width of the Lorentzian, A% is the amplitude 
of the Lorentzian due to species i, EC)i is the tabulated value of the peak position due 
to species i and dEc the global shift in peak position.
A fitting function was then defined which incorporated Lorentzian lineshapes due to 
each of the species present in table 3.3 in both the E n and E22 transition ranges. This 
function was used in a least squares fitting algorithm to fit the background-subtracted 
spectrum in the region 0.85 to 2.45 eV. The result of the fitting procedure over the 
whole spectral range is shown in figure 3.6.
We now make some observations from figure 3.6. Firstly, we note that, imp or-
3.3 A b so rp tio n  s p e c tra  o f S W N T  sam p les 90
Experimental data 
Multiple Lorentzian Fit
0.8
E 0.6 
E
s
0.4
0.2
0.0
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
Energy (eV)
Figure 3.6: The background-subtracted absorption spectrum of ssDNA-SWNT in aque­
ous suspension, along with a multiple-Lorentzian fit to the data  using peak positions 
corresponding to the restricted set of species in table 3.3.
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tantly, the (11,3) SWNT lends itself well to studies in resonance with both E n and 
E22 transitions. I.e. the E22 energy is 1.55 eV (800 nm), which is resonant with the 
amplifier (RegA) output. Also, the En  energy of 1.04 eV (1190 nm) lies well within 
the wavelength range available from the OPA signal beam (~  0.8 — 1.13 eV).
A second point of interest is the frequency shift àEc, as compared with the values 
tabulated in table A.I. This is extracted as being -5 ±  1 meV, corresponding to a global 
red-shift. We believe that this is a consequence of the different environments of the 
SWNTs in our sample and those used in ref. [19], which were in SDS surfactant-assisted 
aqueous suspension. Hertel et al found a similar effect when using ammonium cholate- 
assisted suspension as compared to the SDS-assisted suspension [91]. The mechanism 
behind this red-shift is not yet fully understood, though it is believed that it relates to 
a dielectric screening effect [91].
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We noticed th a t the fit shown in figure 3.6 is poor around 1.15 eV. This is due to 
the absence of tabulated E n  values around the experimental peak position. In order 
to improve the fitting quality, we allow the energy shift for each peak to independently 
vary. The results of this fit are shown in figure 3.7. The independent shift could result 
from different dielectric screening strengths for different chirality tubes.
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Multiple Lorentzian Fit
0.8
| 0.6 
d
0.4
0.2
0.0
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
Energy (eV)
Figure 3.7: The result of fitting the absorption spectrum using the restricted set of 
SWNTs of table 3.3, when a variable peak shift is used in the fitting procedure.
The fitting quality could also be improved by introducing more SWNT species into 
the fitting function. However, this is a somewhat arbitrary approach, reflected by the 
fact th a t the uncertainties in the amplitudes, A% diverge to very large values. The 
restriction of the number of species by comparison of the E n  and E22 regions of the
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spectrum remains the most physical approach. We note here that a fitting procedure 
which allows for the presence of all SWNT species was presented in ref. [92].
We also note that the relative weights, A* for a particular nanotube, differ between 
the E n  and E22 regions of the spectrum. This can be accounted for by differing optical 
transition matrix elements for the two transitions within the same tube.
3.3.2 Absorption spectra of SW NTs in 
n-methyl-2-pyrrolidone (NM P)
This section describes the linear absorption spectra taken on a range of concentrations 
of SWNTs in NMP; a comparison is made with the absorption of the ssDNA-SWNT 
sample, and trends with SWNT concentration are described.
Comparison of absorption spectra o f SW N Ts in N M P  and ssD N A -SW N T .
In order to examine the effects of environment on the optical properties of SWNTs, we 
now compare the linear absorption spectra of ssDNA-SWNTs and SWNTs in NMP (for 
which we choose a high concentration sample). These are plotted on same axes in figure
3.8. The NMP data has been scaled for ease of comparison; the absolute absorption of 
the ssDNA-SWNT sample is significantly higher than that of the SWNTs in NMP due 
to its higher concentration.
The two absorption spectra in figure 3.8 are seen to be qualitatively very similar in 
the E22 transition region of the spectrum. However, the positions of the peaks in the 
NMP spectrum are redshifted with respect to those in the ssDNA-SWNT spectrum, 
with the strongest redshift existing for En peaks 13, 14 and 15; the magnitude of the 
shift varies from peak to peak, with the values tabulated in table 3.4.
The peaks in the E n region of the NMP-SWNT absorption spectrum are broadened 
in comparison with the corresponding peaks in the ssDNA-SWNT spectrum. This can 
be clearly seen in the region of 1.1 -1.3 eV. Whereas 4 distinct peaks are clearly visible in 
the DNA-SWNT spectrum, only 2  peaks can be resolved in the NMP-SWNT spectrum. 
The peak broadening indicates that the degree of isolation in the NMP sample is lower 
than in the DNA sample, since bundling of SWNTs leads to greater inhomogenous 
broadening of transition energies through changes in the SWNT environment. A greater
3.3 A bsorption spectra of SW N T samples 94
to
(0
CDOcco-Q
O
£<
0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
Energy (eV)
Figure 3.8: The absorption spectra of ssDNA-SWNT (black) and 0.055 mg/ml SWNT 
in NMP (red, scaled for ease of comparison). Labels 5 - 1 5  refer to the absorption peaks 
in the ssDNA-SWNT spectrum, as assigned in table 3.3
Peak assignment Red-shift (meV) Peak assignment Red-shift (meV)
5 7 1 1 - .
6 1 1 1 2 -
7 11 13 22, 38
8 - 14 9
9 - 15 25
1 0 -
Table 3.4: The red-shift observed for the various absorption peaks labelled in figure 
3.8, where red-shift is defined relative to the positions of peaks in the ssDNA-SWNT 
spectrum.
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degree of bundling is also consistent with the greater stability of the DNA-SWNT 
suspension against agglomeration as compared to the higher density suspensions of 
SWNTs in NMP.
It has previously been observed [8 6 ] that the E n  transition energies of SWNTs in 
NMP are red-shifted by 20-32 meV as compared with surfactant-assisted suspensions 
of SWNTs. This is a comparable observation to ours, although the exact red-shifts are 
unsurprisingly slightly different. In [8 6 ], the red-shift was explained as being due to a 
specific interaction between the SWNTs and the NMP molecules, though no details of 
this interaction were given.
Shifts of absorption features in SWNT samples have been attributed to changes in 
the dielectric environment in which the SWNTs are held [91]. An increased dielectric 
constant, esurr., allows for better screening; this screening reduces the exciton binding 
energy and reduces the free-carrier band-gap, which have opposite effects on the exciton 
transition energy. A red-shift of the transition energy with increasing esurr. indicates 
that the latter effect is stronger.
The dielectric constants of NMP and water are, at 25°C, 32.2 and 78.4 respectively. 
Therefore, if this was the only factor affecting the exciton transition energy, the peaks 
in the DNA-SWNT sample would be expected to be red-shifted with respect to those 
in the SWNT in NMP sample. This is the opposite of what is observed.
The wrapping of a ssDNA strand around a SWNT prevents direct contact between 
water and the SWNT along significant portions of the SWNT, hence reducing the di­
electric screening and the red-shift. There is no such isolation from the environment 
for the case of SWNTs in NMP; the contact and therefore screening exists along the 
whole SWNT length. In the micelle-encapsulated SWNTs used to obtain the reference 
energies in table A .l from [19], the SWNTs are almost entirely isolated from the sur­
rounding water, hence there would be minimal red-shift due to the dielectric screening 
effect.
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D ependence of ab so rp tio n  sp e c tra  of S W N T s in N M P  on S W N T  concen­
tra tio n
Absorption spectra of a range of concentrations of SWNTs in NMP are shown in figure
3.9. The concentrations span two orders of magnitude from l . lx lC T 1 m g/m l to 1.1 
xlO -3 mg/m l.
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Figure 3.9: Absorption spectrum of SWNTs in NMP at various concentrations shown 
on a linear scale. The lower concentrations are shown on a zoomed in scale in the inset. 
Concentrations: black =  0.11 m g/m l, red =  0.0055 m g/m l, green =  0.011 m g/m l, blue 
=  0.0055 m g/m l, magenta =  0.0011 mg/1.
The absorbance of the sample can be used to find the extinction coefficient of SWNTs 
providing the concentration is known. a 660nm (i.e. the absorbance at 660 nm) is plotted 
in figure 3.10 as a function of SWNT concentration, and the gradient of this graph is 
equal to the extinction coefficient in m _1mg_1ml. This wavelength was chosen purely 
for ease of comparison with values previously reported in the literature. The linear
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relationship between the absorbance and the concentration is in agreement with the 
results of [8 6 ], where 0 .1 1  mg/ml is close to the concentration at which large aggregates 
begin to form, and the extinction coefficient decreases.
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Figure 3.10: Concentration dependence of the optical density at 660 nm of SWNT in 
NMP samples.
The gradient of the plot in figure 3.10 gives an extinction coefficient at 660 nm of 
3042 m_1mg_1ml. This agrees reasonably well with the value of 3264 m_1mg_1ml found 
in [8 6 ], and lies within the range of 3000 - 3470 m- 1mg_1ml found by Landi et al in 
2004 [93] for SWNTs in various amide solvents.
We examined the spectra for variation of peak energies with SWNT concentration. 
Slight variations (±1 — 5 meV depending on peak) are comparable with the uncer­
tainty in determining the peak position; no systematic variation with concentration is 
observed.
However, if we normalise the data at low energies (long wavelengths), the 7r-plasmon 
resonance becomes more pronounced in comparison to the inter-subband transitions at 
lower concentrations, as shown in figure 3.11. Such a trend has not been reported in 
the literature, as far as we’re aware. It was reported in [8 6 ] that the degree of bundling 
does increase over a range of concentrations covering those used in our work. The trend 
of figure 3.11 is perhaps therefore an indication that the 7r-plasmon resonance is more 
sensitive to bundling than the position of inter-subband peaks. It is intuitive that a
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Figure 3.11: The absorption spectra of various concentrations of SWNT in NMP after 
normalisation at 0.88eV. The vr-plasmon contribution appears to be suppressed for 
higher concentrations.
resonance of delocalised electrons along the SWNT axis would be quenched in some way 
upon incorporation of the tube into a bundle. The details of how this quenching might 
occur are beyond the scope of our work, but could be of interest for future theoretical 
study.
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3.3.3 Absorption spectra of further SW NT samples
Aqueous suspension of acid-functionalised SW N Ts 
(oSW N Ts)
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Figure 3.12: The absorption spectrum of acid-functionalised SWNTs in aqueous sus­
pension
The absorption spectrum of acid-functionalised (via acid reflux) SWNTs in aqueous 
dispersion is shown in figure 3.12. No peaks due to intersubband transitions are observed 
at any region of the spectrum. The 7r-plasmon resonance dominates the spectrum, with 
a very weak, broad feature centred around 1.1 /un. This feature is believed to be due 
to the E n transitions of a range of SWNT species. Similar features derived from the 
E22 and metallic E n transitions must exist at shorter wavelengths, though they are not 
discernible due to the rapidly changing absorption due to the plasmon resonance in this 
region.
The lack of sharp inter-subband features was surprising, as the SWNTs in this 
sample are expected to be well isolated via the repulsive interaction of attached carboxyl 
sidegroups. A high degree of isolation minimises tube-tube interactions such that the 
individual excitonic transitions are expected to be observable. The fact that they are 
not seen is probably a consequence of the structural change induced during the acid
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Figure 3.13: The absorption spectrum of SWNTs in aqueous suspension with T100 
surfactant
reflux process. The covalent attachment of the carboxyl groups clearly causes extensive 
damage to the SWNT side-walls. This damage will in turn disrupt the electronic 
bandstructure. Since there are a huge number of tubes in the sample, and all SWNTs 
will be damaged in slightly different ways, we expect that what is a sharply defined 
excitonic transition in a pristine SWNT becomes a very broad distribution of transition 
energies, i.e. the damage induced by the reflux process inhomogenously broadens the 
initially sharp peaks in the absorption spectrum.
Aqueous suspension of SW N T w ith TritonX surfactant
The linear absorption spectrum of SWNTs in aqueous suspension with TritonX sur­
factant is shown in figure 3.13. The spectrum is qualitatively similar to those found 
for ssDNA-SWNT and SWNTs in NMP; there are clearly distinguished narrow peaks 
due to inter-subband transitions, superimposed on the characteristic broad ^-plasmon 
resonance. However, the features in the En  transition region are broader, suggesting 
a greater degree of bundling in this sample. Spectrally resolved pump-probe measure­
ments of this sample will be presented in chapter 6 .
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3.4 Conclusions
In this chapter, we have shown that well-isolated suspensions of SWNTs can be obtained 
in the organic solvent NMP, and in water via wrapping with single-strand DNA. The 
isolation of the SWNTs allowed us to identify the constituent SWNT species of our 
samples, via comparison with tabulated values given in appendix A. A red shift in the 
transitions for the NMP sample suggests that the dielectric screening imposed by the 
increased dielectric constant reduces the free carrier band-gap in these SWNTs. The 
absorbance of the NMP SWNTs agrees well with the literature values. No significant 
shift in the peak energies is seen with concentration, but the 7r-plasmon resonance 
is reduced in relative magnitude with increased concentration. This could be due to 
bundling of SWNTs, which would be expected to suppress the resonance. No excitonic 
features are seen in the absorption spectrum of well-isolated acid-functionalised SWNTs. 
We conclude that inhomogenous broadening due to the damage of side-walls during 
the acid reflux process is the reason for this observation. In conclusion, both the 
ssDNA-SWNT and NMP-SWNT suspensions should lend themselves well to the study 
of excitonic effects in isolated SWNTs.
Chapter 4 
Z-scan M easurem ents of SW N Ts in 
suspension
4.1 Introduction
The aim of the work reported in this chapter was to use the Z-scan technique in or­
der to obtain the non-linear refractive index, 7 , and non-linear absorption coefficient, 
y5, of SWNTs in suspension. Previous work has been published in which 7  was es­
timated to be ~  2.4 x 10_19m2W _1 [94] per SWNT via degenerate four-wave-mixing 
measurements, while Z-scan measurements on SWNTs sprayed onto a quartz substrate 
have given a value of 7  =  5 x 10-1 2  m2W _1  [55] for the film as a whole. Measure­
ment of SWNTs in suspension allows more precise determination of the concentration 
of SWNTs than for films, and Z-scan measurements provide a straightforward means 
of extracting non-linear coefficients, hence our decision to take Z-scan measurements of 
SWNT suspensions.
It is also desirable when studying a fundamental physical property, such as non­
linear refractive index/absorption coefficient, to isolate the studied material from envi­
ronmental perturbations. In the case of SWNTs, the most important consideration is 
to isolate the tubes from one-another. In solid samples, the large degree of bundling 
leads to large coupling between tubes, and therefore we can’t have confidence that any 
obtained value would be an intrinsic property of the constituent SWNTs. The dis­
crepancy between literature values of 7  may be due to sample differences; there are
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many more interactions between SWNTs in a bundled solid sample as used in [55] as 
compared to the suspended SWNTs that were used in [94].
4.2 Z-scan measurements of suspensions of SW NT  
in NM P
4.2.1 Variation of refractive non-linearities w ith SW NT con­
centration: high repetition rate
Z-scan measurements were performed on a range of concentrations of SWNTs in NMP; 
the concentrations measured covered a range of approximately 4 orders of magnitude, 
from ~  6.3 x 10- 7  mg/ml to ~  1.2 x 10~ 2 mg/ml. The 800 nm amplifier output was 
initially used at 250 kHz repetition rate in order to maximise the signal-to-noise ratio.
The results are shown in figure 4.1. The traces clearly show two components of 
opposite sign; the peak-valley component corresponds to a thermal lensing effect, and 
the shorter scale valley-peak component is indicative of the optical Kerr effect. The 
thermal lensing effect dominates the signal for the highest concentration, such that the 
Kerr-signal can not be observed at all. As the concentration is reduced, the thermal 
lensing becomes less prominent and the Kerr-signal can be clearly seen.
We are interested primarily in determining the strength of the Kerr effect i.e. the 
non-linear refractive index, 7 . The thermal lensing effect is less interesting in terms 
of the applications of SWNTs in, for example, optical switching applications, so it is 
desirable to separate the thermal and electronic contributions to the higher concentra­
tion traces in figure 4.1. We want to reduce the contribution of thermal lensing while 
leaving the contribution of 7  constant.
For this purpose, we make use of the fact that thermal lensing is dependent on 
the average incident power, while the Kerr effect depends on the peak pulse intensity. 
Therefore if we maintain a constant pulse energy, but increase the interval between 
pulse arrivals (i.e. decrease the pulse repetition rate), then we are able to reduce the 
thermal lensing effect while leaving the Kerr effect unchanged.
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Figure 4.1: Closed aperture Z-scan measurements on a range of concentrations of 
SWNTs in NMP. The therm al lensing (peak - valley) effect is dominant at high con­
centrations but negligible at low concentrations.
4.2.2 Variation o f  refractive non-linearities w ith  S W N T  con­
centration: low repetition  rate
The average power delivered by the amplifier as a function of repetition rate is almost 
exactly linear over the full range of repetition rates (10 kHz to 250 kHz). Altering 
the repetition rate therefore scales the average power while keeping the pulse energy 
constant. Therefore we can alter the thermal lensing effect while m aintaining a constant 
Kerr effect simply by altering the laser repetition rate.
The minimum repetition rate of the system is 10 kHz. We therefore took closed
aperture Z-scan traces on high, medium and low concentration samples, along with a
trace on the NMP solvent alone. The results are shown in figure 4.2.
It can be seen clearly th a t all trace of therm al lensing has been eliminated from
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Figure 4.2: Closed aperture Z-scan traces taken on a range of concentrations of SWNTs 
in NMP, along with NMP alone.
the Z-scan traces at this repetition rate, even for the highest density sample. Having 
eliminated the therm al effect, it is clear th a t the Kerr non-linearity of all samples is the 
same. The contribution of the SWNTs to the Kerr non-linearity is therefore negligibly 
small, and the observed effect derives entirely from the fused silica cuvette walls (and 
the NMP solvent).
The non-linear refractive index, 7 , of fused silica has been found previously in the 
literature. We can therefore place an upper bound on the value of 7 s w n t  by requiring 
tha t the contribution of SWNTs to the observed Kerr effect is less than the uncertainty 
in experimental traces. We estimate this uncertainty to be ~  10%.
The maximum concentration of SWNTs used, at which we see no discernible con­
tribution towards the Kerr effect, is 1.23 xlO -2 m g/m l.
To estimate the contribution of SWNTs to the ‘effective’ non-linear refractive index
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Figure 4.3: Schematic picture showing a simple means of estimating the fractional 
contribution of SWNTs to the effective non-linear refractive index, %  of our sample. 
Red shaded area =  laser beam
of the sample, we divide the sample up as shown in figure 4.3.
The walls are each 1 mm thick, as is the sample ‘chamber’, in which the nanotubes 
are contained, suspended in the NMP solvent. The confocal length of the focused laser 
beam is sufficiently long that the beam radius can be considered constant throughout 
the whole sample - this is represented by the red shaded region in figure 4.3. The con­
tribution of the nanotubes to the optical non-linearity depends on the volume fraction 
which they occupy.
The density of NMP is 1.03 times the density of water - i.e. 1.03 g/ml. Therefore, the 
mass fraction of SWNTs in the 1.23 xlO - 2  mg/ml sample is roughly 10-5 . Assuming 
that SWNTs have comparable density to the solvent, the volume fraction of SWNTs in 
the suspension is also of the order 1 0 -5 .
Therefore, if we use the approximate constraint that the contribution of the SWNTs 
to the Kerr effect is less than 10% of the contribution of the cuvette walls, we get:
Tswnt x 1 0 - 5  <  0 .1  x 2 7 f.s
Tswnt 5  2 x 1047f.s (4.1)
where 7 f.s is the non-linear refractive index of fused silica, which has been previously
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measured in the literature as 3.0 ±0.6 x 10~19m 2W -1 [95]. Using this value in equation 
4.1 places an upper limit on the value of 7 s w n t  of ~  6 x  10~15 m2W _1.
The fact th a t we can only place an upper limit on the value of 7 means th a t com­
parison with the value reached by Liu et al in [94] is not possible, other than to say our 
results don’t contradict their conclusion.
4.2 .3  V ariation  o f th erm al lensing  effect w ith  rep e titio n  rate
Figure 4.4 shows Z-scans of the 0.011 m g/m l sample at a range of repetition rates
between 50 and 250 kHz in 25kHz steps.
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Figure 4.4: Closed aperture Z-scans on 0.011 m g/m l suspension of SWNTs in NMP 
taken at various repetition rates.
We now fit the data  of figure 4.4 with equation 2.20, derived in [79], in order to 
describe the variation in transm itted intensity due to therm al lensing. We fit all the 
data sets simultaneously, with A<L0,th varying between traces, and z0 ( =  4.5 mm) a
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common parameter between all traces. The extracted value of A ^ 0,th is plotted vs 
average power in figure 4.5.
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Figure 4.5: The extracted values of A4>o,th as a function of pump power. The gradient 
of the graph is 0.023±0.001
The gradient of the graph in figure 4.5 is 0.0234=0.01 (Although there is a suggestion 
of two slopes, there is no second refractive non-linearity which would give a contribution 
which scales with average power, so we assume a single gradient). The contribution of 
the Kerr-lensing effect (A ^0,Kerr) of the cuvette is sufficiently small in comparison to 
the thermal lensing effect that its inclusion in the fitting procedure does not make a 
significant difference.
From equations 2.21 and 2.22, we know that the gradient of the graph is given by:
g g  =  0.023(± 0.001)
Of the quantities contributing to the gradient we know:
• a  ~  40m_1 from the linear absorption measurements presented in chapter 3
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•  L =  1 mm
• À =  800 nm
Also, from a literature search we find a value for the thermal conductivity of 
NMP, of 0.1340 Wm-1K-1 [96]. This means we are able to calculate the thermo-optic 
coefficient, dn/dT ,  of NMP. It is found to be 1.30±0.06 xlO-4 K_1.
The values of thermo-optic coefficients of common solvents [97], are of the order 
Ix lO -4 K-1, so it appears that the magnitude of AT in our results is at least semi- 
quantitatively consistent with the thermal lensing model. We note that the effects of 
heat conduction through the cuvette walls are neglected in the theoretical treatment 
in [79]; this omission could lead to significant corrections in the absolute value of dn/dT .
4.3 Z-scan measurements on aqueous suspension of 
ssDNA-wrapped SW NTs
Open and closed aperture Z-scan measurements were taken on the aqueous dispersion 
of DNA-wrapped SWNTs. In contrast to the lower concentration samples of SWNT 
in NMP, a significant non-linear absorption component was found for this sample, as 
shown in figure 4.6. This figure shows an open aperture trace, for which the transmis­
sion change is sensitive only to non-linear absorption. This data was taken with pump 
fluence ~  5 x l0 5 photons/ pulse/ cm2. Data was taken at lower powers, with the magni­
tude of the saturable absorption scaling approximately linearly with pump-fluence. For 
illustration purposes we focus on the highest power data, as the effect is clearest here.
Fitting the data with equation 2.18 gives a value of /? =  0.34:0.05 cm/GW. Recent 
Z-scan measurements on SWNTs in SDS-assisted aqueous suspension [98] resulted in an 
estimate of 1.4 cm/GW  for a sample with almost identical concentration (0.4 mg/ml). 
They do not state what process was used to produce the SWNTs used in [98], yet 
from the absorption spectrum in their work we see that the transition energies are 
smaller than for our HiPco tubes (E22 transitions centred around 1.2 eV), indicating 
that the diameters of their SWNTs are larger. This could be a cause of the difference, 
as theoretical models of optical non-linearity [34] predict that the magnitude increases
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Figure 4.6: The open aperture Z-scan on the DNA-SWNT sample, showing a strong 
saturation of the absorption. The experimental data is shown as black squares, while 
a fit using equation 2.18 is shown as a red line.
with SWNT diameter (oc D A). This is also consistent with the measurements of SWNT 
films in [55], in which the larger diameter SWNTs produced by laser ablation (see 
eg [99]) were found to have non-linearities around an order of magnitude larger than 
that found for HiPco SWNTs. Direct comparison of the extracted value from our fit 
with that in [55] is not possible, as the ‘concentration’ of SWNTs in a film and in 
suspension are not comparable.
In figure 4.7 we show the open aperture trace (black) along with the closed aper­
ture trace (red) taken at the same pump fluence. In addition, the divided trace, which 
isolates the non-linear refractive effect is shown (green). The peak-valley configuration 
of the divided trace shows clearly that thermal lensing is the dominant mechanism in 
this sample, as was the case for the NMP samples discussed in the previous section.
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Figure 4.7: Z-scans on ssDNA-SWNT. Open-aperture: red. Open aperture:black. The 
green trace shows the result of dividing the closed aperture trace by the open aperture 
trace.
However, the therm al effect is even stronger in the ssDNA-SWNT sample, being domi­
nant even at 10 kHz when in the less concentrated NMP samples the Kerr effect in the 
cuvette dominated at these low repetition rates. This is due to the higher concentra­
tion and higher linear absorbance of the ssDNA-SWNT sample compared to even the 
highest density NMP sample.
4.4 Conclusions
In this chapter we have presented a range of Z-scan measurements on SWNTs in suspen­
sion. High repetition rate closed-aperture measurements on a range of concentrations 
of SWNTs in NMP showed tha t there were two contributions to the refractive non- 
linearity. At high concentrations the therm al lensing effect was found to dominate, 
while at the lowest concentrations the sign of the non-linearity was consistent with the
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self-focusing optical Kerr effect. Reduction of the repetition rate allowed us to isolate 
the Kerr contribution, which was found to be the same for all concentrations. The 
contribution of the SWNTs was therefore negligible in comparison to that of the cu­
vette, which allows us to place an upper bound on 7 swnt of 6 x 10_15m2W _1. This 
is consistent with previous DFWM measurements [94]. We also use the thermal lens­
ing signature as a function of average power to determine the thermo-optic coefficient, 
d n /d T  of NMP.
Strong saturable absorption was seen in the ssDNA-SWNT suspension, from which 
we deduce a value of /? =  0.3 ±  0.05 m2W -1. This is around 4 times smaller than 
that measured for a suspension of very similar concentration presented recently in the 
literature [98]. The difference can be attributed to the size discrepancy between our 
SWNTs and those in [98], as the non-linearity of SWNTs has been shown theoretically 
to increase strongly as a function of diameter [34].
Chapter 5 
Pum p-probe m easurem ents of 
ssDN A -w rapped SW N Ts in 
aqueous suspension
5.1 Introduction
The ssDNA-SWNT sample was described in chapter 3. Crucially, this sample was stable 
against agglomeration over the course of several months. This allowed us to perform 
measurements with a high degree of repeatability, and therefore make quantitative 
interpretations with more confidence than was possible on other, less stable samples.
This chapter presents pump-fluence-dependent degenerate pump-probe measure­
ments at 1190 nm on the ssDNA-SWNT sample. The wavelength was chosen to be in 
resonance with the E n  transition of the (11,3) SWNT, as identified from the measure­
ments in chapter 3. This choice was made because the corresponding E22 transition 
lies at 800 nm, and is therefore potentially available for non-degenerate resonant pump 
probe measurements. The pump pulse fluence was varied over two orders of magnitude 
from ~1014 to ~1016 photons/ pulse/ cm2.
The main results are presented in section 5.2. A qualitative and quantitative dis­
cussion of the results is given in section 5.3. It is here that we introduce the concept of 
SWNTs acting as an archetypal ID reaction-diffusion system, which is a major contri­
bution of this work. Finally, a summary of the chapter is given in section 5.4.
5.2 R e su lts 114
6 
5 
4
_Q
Æ  3 
^  2
1
0
0 10 20 
Time (ps)
Figure 5.1: Pump-probe data on single-strand-DNA-wrapped SWNTs in aqueous sus­
pension. The data  are normalised at 20 ps, showing the extra fast component in the 
high-power data.
5.2 R esults
This section describe intensity-dependent pump-probe measurements on ssDNA-SWNT 
suspensions in resonance with the En  transition of the (11,3) nanotube, identified from 
the linear absorption measurements presented in chapter 3 as a peak at 1190 nm.
Figure 5.1 shows pump-probe traces taken at the highest and lowest pump fluences 
on a linear scale. The traces were normalised such tha t the amplitude of A T was equal 
at 10 ps. The main features of the traces are as follows:
• An initial fast rise. The main contribution to the finite time is the finite tem poral 
width of the pump and probe pulses.
•  A peak, defined to be at t =  0, representing the point at which the exciton 
population within the sample is at its maximum
• An intensity dependent ‘fast’ component at early delays, with an increased mag­
nitude with increasing pump intensity.
—  High pump power
-  -  Low pump power
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• An intensity independent component at long delays
In figure 5.2 we show data taken for delays up to 1 ns. Plotting the data on double 
logarithmic axes over such an extended range reveals three decay regimes:
• At very early delays, for t <  100 fs there is an apparent flat regime, in which no 
decay occurs.
•  At long times, for t > 6 ps, the plot is linear with gradient -1/2, indicating a t~1/2 
decay.
• At intermediate times, 100 is < t  < 6ps we see a positive deviation from the t -1//2 
relationship, i.e. it tends to a power law decay t~a, where a  > 1/2.
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Figure 5.2: Data up to ~  1 ns, plotted on double logarithmic axes, showing 3 decay 
regimes described in the text. The straight line is a t -1/2 decay, included as a guide for 
the eye. The red line is a least squares fit using a reaction-diffusion model, which will 
be described in detail in section 5.3.3
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Figure 5.3: The degenerate E n pump-probe signal for 1.5x 1016 and 2.5xlO14
photons/ pulse/ cm2 shown as black and red open circles respectively. Data is plot­
ted on double logarithmic axes. Each data set has been fit with a power law decay, 
shown as a solid line.
The long time £-1/2 behaviour is found over the full range of intensities, while the 
faster decay found for 100/s <  t <  lOps is an intensity dependent component, as seen 
clearly in figure 5.1. The intensity independence of the t -1/2 component is demonstrated 
in figure 5.3, in which the red lines are least squares fits to the data. 1
It is important to note here that a t -1/2 decay was also seen for a wide range of pump 
and probe wavelengths. We performed non-degenerate pump-probe measurements using 
various modifications of the basic set-up shown in figure 2.9 such that the pump and 
probe could each be in resonance with the E n  (1190 nm) or E22 (800 nm) transition 
of the (11,3) SWNT. We found that in all cases a t -1/2 decay was seen at long delays. 
The same was true for degenerate measurements throughout the En  transition range, 
found by tuning the OPA.
1 Ideally, data should be evenly spaced on logarithmic axes to apply least squares fitting, though 
the large range and high quality of the fits in figure 5.3 leads us to trust the fit to this data, which is 
spaced linearly on linear axes
5.2 R esults 117
Figure 5.4 shows the raw experimental data for early (t < 20 ps) delays. The main 
observations from this data are:
• The overall magnitude of the traces increases with increasing pump intensity.
• The shape of the traces is independent of intensity for delays > 6 ps.
• For t < 6 ps, the slope of the trace becomes steeper for higher intensity.
• The scaling of the signal with power is therefore different at t — O ps and i  = 20ps 
(the long time limit of these traces). A strong saturation behaviour is seen at 
long times.
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Figure 5.4: Raw experimental data for t < 20  ps, with features as described in text.
In order to show more clearly the intensity-dependence at early times, the data 
was normalised such that the long time decay behaviour had the same magnitude for
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all powers. A selection of the data after this normalisation is shown in figure 5.5. 
From this figure we see very clearly the transition between the t -1/2 behaviour common 
to all traces at long times, to the intensity-dependent behaviour at early times. This 
transition will be crucial in the fitting of these traces presented in the following sections.
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Figure 5.5: Degenerate pump-probe at 1190 nm (En) at a range of excitation powers, 
normalised to the long delay t -1/2 behaviour.
5.3 D iscussion
In this section we give an interpretation of the results presented in section 5.2. Sub­
section 5.3.1 qualitatively describes the t -1//2 decay observed at long time delays, while 
the reason for the deviation from this behaviour seen at early delays is discussed in 
section 5.3.2. It is proposed tha t these two decay regimes exist as different limits of 
the same decay process - namely exciton-exciton annihilation (=  Auger recombination 
of excitons); i.e. SWNTs act as a reaction-diffusion system. As we discussed in section 
1.4.3, such behaviour have been theoretically modelled extensively in the literature, but
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experimental results which corroborate this theory have not previously been presented.
Two approaches are taken to analyse the results presented in section 5.2. Firstly, 
we follow the theoretical treatment of Zhong et al summarised in section 1.4.3, with 
various modifications and extensions made to take account of the ensemble nature of 
our sample.
An alternative approach, which is included for direct comparison with a previous 
description of Auger recombination in ref. [32], is to treat the early intensity-dependent 
decay components as exponentials. This approach is discussed in section 5.3.8.
5.3.1 Interpretation of t -1/2 power law decay at long tim es
The traces shown in figure 5.3 show that in the limit of long time delays, the pump- 
induced photoexcitation population follows a strictly t -1/2 power-law decay. This spe­
cific power law decay is strongly suggestive of a diffusion-limited two-body process 
involving identical particles in one dimension, as described in section 1.4.2. i.e.
A +  A ->• A (5.1)
That identical particles are required to explain such a decay behaviour leads to the 
question of what these particles are. If the photoexcited species were, for example, 
uncorrelated electrons and holes, then the particles would be non-identical, and a t -1/4 
behaviour would be expected from the treatment of generic diffusion-limited annihila­
tion in one dimension by Toussaint and Wilczek [57], as discussed in section 1.4.2. The 
requirement for identical particles suggests that indistinguishable excitons are instead 
the reacting particles, which is consistent with the various theoretical and experimental 
evidence for the existence of excitons in SWNTs described in section 1.3.
As discussed previously, a long-time £-1/2 behaviour has previously been seen by 
Russo et al for pump-probe measurements on a surfactant-aided suspension of SWNTs. 
No mention of any deviations from this functional form was made. The similarity be­
tween our results and those in [33] suggests that the decay mechanism is independent of 
the environment in which the SWNTs are held. i.e. the ssDNA strands wrapped around 
the SWNTs do not contribute to the photoexcitation decay, despite the large area of
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Figure 5.6: The UV absorption spectrum of ssDNA [101]
overlap between the SWNT and the DNA. This lack of interaction can be attributed 
to the fact that the energy transitions in DNA are dominated by UV wavelengths, as 
shown in figure 5.6. The minimum energy transition for ssDNA lies well above the en­
ergies of the excitons created via photoexcitation of SWNTs, so intermolecular transfer 
of excitons to the ssDNA molecules via Forster resonance energy transfer is not possi­
ble [100]; this requires that the absorption spectrum of the ssDNA overlaps with the 
fluorescence spectrum of the SWNT, which is not obeyed.
The ssDNA may, however, introduce local potential fluctuations in the SWNT side­
walls, which may act as scattering centres for the mobile excitons. This implies that 
the diffusion coefficient, D, of excitons would be reduced in comparison to that for an 
unfunctionalised nanotube. This reduction in D  would not affect the functional form 
of the decay behaviour at long time-scales as the mechanism is unchanged i.e. a t 1/2 
relationship is still seen.
5.3.2 Interpretation of deviation from power law at early tim es
Having established that the long decay behaviour follows a strict 1/\Æ dependence due 
to diffusion-limited exciton-exciton annihilation, we now address the deviation from 
this relationship at early delays. Firstly, at low powers, the exciton population is 
approximated by:
n(t) =
n(0)
(5.2)
(1 +  7An (0) t1/2) ’
and the presence of unity in the denominator means the exciton population remains
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finite at t =  0. At high excitation powers, a positive deviation from a power law 
relationship is seen. We interpret this deviation as an approach towards reaction-limited 
exciton-exciton annihilation. The fundamental physical process of Auger recombination 
of excitons still dictates the photoexcitation decay, but at these short delays the exciton 
population on a SWNT is so high that negligible exciton transport is required before 
annihilation may occur. Instead, the intrinsic annihilation rate is the limiting factor 
in the decay of exciton population. This is the regime of reaction-limited annihilation, 
described in section 1.4.2, in which the population decay tends to a t -1 relationship, 
i.e.
' ,(/) -  1 1 »(0b„/ : (5-3)
Central to our analysis is that there is a cross-over between the reaction- and 
diffusion-limited regimes. As the pump fluence is increased, the number of photons 
falling on a SWNT increases in proportion. Assuming that the nanotube absorption 
cross-section remains constant, the number of excitons also increases proportionally. 
These excitons are distributed along the SWNT axis, and as their linear density in­
creases, the reaction time rather than the diffusion time begins to dominate, and the 
kinetics tend towards that described by equation 5.3.
We now go on to see how the diffusion-limited and reaction-limited regimes can be 
integrated into a single model.
5.3.3 Interpretation of data in terms of SW NTs as reaction- 
diffusion system s
As discussed in subsections 5.3.1 and 5.3.2, we observe behaviour consistent with 
diffusion-limited exciton-exciton annihilation at long times and low excitation pow­
ers, while at early delays and high powers a deviation towards a faster decay behaviour 
is seen. This is indicative of SWNTs acting as an archetypal one-dimensional reaction- 
diffusion system. Therefore we elected to fit the data using the analytical approach 
taken by Zhong et al [64], and described in section 1.4.3. The central equation of their 
approach is reproduced below for ease of reference.
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M odification of reaction-diffusion equation: param eter conversion
The analytical reaction-diffusion equation derived by Zhong is:
where p is the reaction probability, po is the initial particle concentration (as a 
fraction) and r  is a dimensionless time, defined as:
T=(f^ ( 5 - 5 )
Comparison with equation 1.19 shows that r  = t/thop-
Equation 5.4 applies to a single one-dimensional reaction-diffusion system and, as 
such, is not expected to completely describe the large ensemble of SWNTs that are 
both pumped and probed in our sample. This will be addressed in section 5.3.4.
It is also the case that the variables within equation 5.4 are not the most desirable 
for interpretation of our experimental results. The equation as it stands is expressed 
in terms of site occupation probability p(t), which is a continuously variable number 
(this results from the assumption in the model that there are a very large number of 
particles/sites). We wish to describe our system in terms of a discrete exciton number, 
n. The initial number of excitons is denoted by k. We also re-express the reaction 
probability p as the ratio of the hopping time, Thop and the reaction time, tr .
t = t/thop (5.6)
p(t) = NE{t)/Ns (= N t /{N swntL / A x )) (5.7)
Po = k /N s (5.8)
P = Thop/ra (5.9)
Substitution of these relations into equation 5.4 gives:
5.3 D iscussion 123
n(t, k) =  N s
1 — Thop/ Tr  + TTTR(k/Ns)
T^hop +  1 -  Th0p/TR) +
(5,10)
KTRik/Ns)2
I 'hop/ *
^  (k/Ns )
1 I TR + t / r R^
The parameters in this modified equation are then:
• tr , the reaction time ( =  1/reaction rate)
•  Thop, the hopping time ( =  1/hopping rate)
• k, the initial number of excitons in the system
• Ns, the number of ‘sites’ in the system
It is still the case that the analytical equation is in some way an approximation to 
the actual situation, in that it is a discretised picture in which the diffusive motion 
consists of hopping steps of a fixed length. There is no explicit consideration of the 
potential for partial overlap of excitons, though this is accounted for within the finite 
reaction time. It also excludes the possibility of 3 excitons existing on the same site. 
These are expected, however, to make relatively minor corrections to the model, so are 
neglected in the first instance.
Figure 5.7 shows simulated curves which correspond to equation 5.10 for a range of 
values of k=  0.01 for the lowest curve up to 100 for the highest (values of the other 
parameters are held constant). It can be seen that all curves tend to the same decay 
behaviour at long delays. This is clearly at odds with our experimental observations, 
and the reason for this is that we have so far neglected the ensemble effects in our 
measurements. This issue is addressed in the next section.
It is also instructive at this stage to check the asymptotic limits of equation 5.10. 
Writing t^ / tr =  p for simplicity, for early times, when the terms in t can be neglected,
(5.11)
k
N s
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Figure 5.7: Simulations of equation 5.10, showing the number of excitons as a function 
of time and initial exciton number. For all curves, T^ op — 0.07 ps, N s = 100, and p =
0.3. The initial exciton number, &, varies from 0.01 to 100.
This behaviour is expected, and follows from the definition of k.
At long times, when the terms in t dominate,
2pt
Uiop (5.12)
1
Again, this behaviour is as expected, since at long times we have purely diffusion- 
limited exciton-exciton annihilation, which follows the well-established t -1/2 behaviour. 
Having confirmed th a t this major building block of our fitting function is qualitatively 
robust, we now move on to account for the fact th a t we have an ensemble of ID  reaction-
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diffusion systems, and that these systems have a distribution of initial populations due 
to their varying lengths and the decrease in optical intensity through the sample.
5.3.4 Interpreting intensity dependence of the pum p-probe 
signal: accounting for the ensemble
The modified reaction-diffusion equation, eq. 5.10, is still not sufficient to explain 
the pump-intensity-dependence of our pump-probe traces. This is because the original 
equation, eq. 5.4, describes the population decay in a single ID reaction-diffusion 
system. Our experiment, in contrast, measures the population decay in a very large 
ensemble of SWNTs, and a corresponding distribution of initial exciton populations N q'. 
It is the ensemble effect that leads to the behaviour seen in figure 5.4 i.e. we see a t -1/2 
behaviour with different amplitudes for the different pump intensities. This amplitude 
saturates at long times for the highest pump intensities/ exciton densities.
The population of excitons on a single SWNT evolves according to equation 5.4. 
The time-dependent signal in the pump-probe experiment is, however, related to the 
total exciton population in the ensemble of SWNTs. This total exciton population 
is given by the weighted sum of contributions of individual nanotubes. The formal 
derivation here was done by Prof. Jeremy Allam, alongside frequent discussion.
We denote the mean number of excitons created per SWNT at t= 0  as A. We 
assume that the probability of creating k excitons on a SWNT is given by a Poissonian 
distribution, defined in terms of a mean number of excitons, A:
(5.13)
oo
%x,total(z, A) =  NT ^ 2 P ( k ,X ) n ( t : k) , (5.14)
k = l
, where N t  is the total number of SWNTs, and P(k, A) and n(t, k) are defined as in 
equations 5.13 and 5.10 respectively. At £ =  0, we know that n(t, k) = k (from equation 
5.11), so we have:
The total number of excitons in the ensemble is then given by:
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AWo,ai(0, \ )  =  N T J 2 k -  P ( k ,  A) , (5.15)
k=l
which is simply equal to N t  x A, as expected.
We define the pump-probe signal, S(t), via:
S(t) A) — Tjpr X total A)
~  (5.16)
= r}prNT ^ 2 P ( k , \ ) n ( t , k )
k—l
where 77pr represents the ‘efficiency’ with which the exciton density is converted to 
a change in the intensity of the probe pulse. Similarly, we can re-express the mean 
number of excitons per SWNT in terms of the efficiency, 77pUmp, with which excitons are 
created by a pump pulse:
^ _  77pump X Ppump ^  ^7)
where Ppump is the pump power.
Writing out the expression for S(t) in full, using equations 5.4,5.13, 5.14, 5.16 and 
5.17, we have:
S(t, A) =  r]prNTNse
x
“  1 -  Thop/T« +  ] j +  1 _  ^ op/ tr)  +  \ k  (5'18)
O f  Thop______I j-lhop/TR j. / \  k\
k=1 Z \*TR(k/Ns)2 + (k/Ns) ^ l / TR)
We have already seen that at short times, the number of excitons tends to TVr x A. 
This, from equations 5.16 and 5.17, gives in the limit of £ —> 0:
S(t, A) — 7/probe-NrA — ?7probe^ 7pump-fpump (5.19)
i.e the signal is proportional to the pump power, as expected.
In the limit of t oo we know that n(t: k) ~  , -1 — (equation 5.12), so■yirt/Thop
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1 °° \k
S(t, A) ~  rjpTObeNTN s —^ = = = e ~ x ^  —
V ^ t / T h o p  k '
— Vpvobe-^T^S f , !  ~ (l — 6 )
•y 7rt/Thop
In the limit of small A (i.e. e~A ~  1 — A), equation 5.20 becomes:
S{t, A) ~  7^probeNj1 NS y- — A
y  Tft/Thop 
p^robe^ pump-fpump-A^ S1
(5.20)
(5.21)
y^Trt/Thop
so the long time signal scales with the pump power for low powers.
In the limit of large A (i.e. e_A ~  0), equation 5.20 becomes:
S(t, A) ~  VprobeNTNs 1 , (5.22)
y  7rt/Thop
and the signal is independent of excitation density. Again, this is consistent with 
our experimental data, in which a strong saturation behaviour is seen at high pump 
powers (large A) and long times.
Sim ulation of the m odified reaction-diffusion equation
In order to simulate the behaviour of equation 5.16, we initially manually expanded the 
summation in equation 5.18. This approach, however, was limited by the restrictions 
of the Origin function definition, and only the first ~  30 terms of the summation could 
be included. This restriction means that for A approaching or greater than 30, severe 
truncation errors are encountered. In order to allow larger values of A, the function was 
defined using the Origin C compiler (initial compilations performed by Dr. Konstantin 
Litvinenko), as shown in appendix B as FunctionA. The simulation of this function is 
shown in figure 5.8 for various values of A.
It is clear from figure 5.8 that the expression in equation 5.16 reproduces all the 
qualitative features of our data. The scaling with pump intensity at early delays is
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Figure 5.8: Simulation of FunctionA from appendix B. The parameters used were: N s  
=  30, p =  0.3, Thop =  0.07 and A =  0.01 to 100 from lowest to highest traces.
linear, whereas experimentally it is very close to linear. The signal at long delays, 
in contrast to the case where no ensemble effect is included, now also increases with 
intensity for low intensities, while it saturates at higher intensities. We also see the 
long-time limiting £~1/Z2 behaviour as expected.
We also elected to account for the variable length of the SWNTs in the sample, and 
the variation of excitation intensity through the sample due to linear optical absorption. 
These modifications are discussed in the following sections.
5.3.5 In terp retin g  in ten sity  d ep en d en ce o f p um p -p rob e signal: 
accoun ting  for variable tu b e  len gth
In this section we introduce a further modification to the reaction-diffusion equation 
in which we allow for a variable tube length, L. For a fixed hopping length, Ax, this
5.3 D iscussion 129
corresponds simply to a variable number of hopping sites, N s , since L = N sAx.
We therefore make Ns  a variable, which has a mean value Ns- The exact form 
of the distribution of tube lengths is not known, and has not, as far as we know, 
been properly characterised in the literature for any SWNT samples. We assume for 
simplicity in modeling the behaviour that the distribution is again Poissonian. i.e.
P (N S,N S) =  s Ns[ (5.23)
Now, if we consider an ensemble of tubes of different lengths, then we need to 
incorporate an extra summation, over all values of Ns, to modify equation 5.16, such 
that:
s ( t ,  x Ns) —
Ns= l
x T/prMr 5 3  n (*’ k ’ N s)P ik , XNs)
k=l
(5.24)
where Xns is the mean number of excitons on a tube of length N s and X^s is the 
mean number of excitons taking all SWNT lengths into account.
We can again look at the asymptotic behaviour of this equation. For £ —>- 0, we find, 
as expected, that
(5.25)
(analogously to equation 5.19). For £ —» oo, the signal tends to:
I  oo
S(t, \X S) k  V v r ^ T x p f  53 -  eXNs )P (N s , Ns) (5.26)
V ^  NS=1
Effect o f tube length distribution on sim ulated signal
We investigated the effect of including a length distribution on the theoretically mod­
elled signal. We simulated equation 5.14 (i.e. with the ensemble effect, but a uniform 
SWNT length), and also equation 5.24, in which a Poissonian length distribution with 
average Ns  is incorporated. The Origin C function for the latter is given as Function 
B in appendix B.
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We found from these simulations that the two signals were indistinguishable and that 
including this particular length distribution therefore does not modify the exciton decay 
behaviour. If the tube length distribution was known accurately, then it may be that 
a different functional form (as opposed to Poissonian), particularly a non-symmetric 
distribution, would lead to a more pronounced effect.
5.3.6 Interpreting intensity dependence of the pum p-probe 
signal: accounting for absorption through the sample
The non-zero optical absorption coefficient, a , of the ssDNA-SWNT sample is expected 
to influence the behaviour of S(t), as it leads to a decrease in exciton density as a 
function of distance through the sample. For the sample studied here, the transmission 
through 1 mm is ~  5 %. Therefore:
1 1
a  = ——InT  =  — ---- — In 0.05 (5.27)
L  1 x KM
giving a = 3000 m-1 ( 3 mm-1). This means that the SWNTs at the front face of the 
sample experience significantly higher optical excitation than those at the back face. In 
reality, the value of A decreases continuously from A — A^  at z — O mm to A =  0.05Aq at 
z =  1 mm. However, in order to quickly check for the effect of sample absorption on the 
behaviour of the intensity-dependent pump-probe signal, an approximate treatment was 
necessary in order to avoid computationally expensive numerical integration routines 
within our fitting function. The approximation was to divide the sample into three 
‘slices’, as shown in figure 5.9, each of which contribute equally to the pump-probe 
signal (i.e. contain the same number of excitons).
In order to divide up the sample in this way, we use the condition:
f  \ 0e-°‘zd z =  f  \oe~azdz =  f  \ ae - azdz = \  [  \ 0e -azdz (5.28)
J0 Jzl Jz2 3 Vo
The resulting slices are shown as areas A, B and C in figure 5.9. Each area, can be 
approximated as a rectangle - i.e. over the range z =  0 to z l, A =  A%, from z = z l  to 
z2, X = X2 and from z =  z2 to 1, A =  A3 . Calculation shows that:
5.3 D iscussion 131
1.0 -
0.8 -
0 .6 -o
0.4 -
0.2 -
0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
z (mm)
Figure 5.9: Taking into account the sample absorption. The sample is divided into 
three sections, A,B and C, which give equal contribution to the pump-probe signal. 
The value of À decreases through the sample. The average value is 0.330 Aq.
Ai = 0.83Ao (5.29)
À2 =  0 .51À O  ( 5 . 3 0 )
A3 =  0.15À O  ( 5 . 3 1 )
(5.32)
The average value of A is Aave =  0.330Ao; this is the value of A if the excitation 
density is constant through the sample (i.e. absorption is neglected).
Including this consideration of absorption, the exciton population as a function of 
time can be expressed as a summation of 3 modified versions of equation 5.16, with the 
values of A =  Ai, A2 and A3 rather than the average value, Aave-
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Effect of sam ple ab so rp tio n  on th e  sim u la ted  signal
In figure 5.10 we show the effect of including sample absorption on the theoretically 
modelled signal. We simulated equation 5.16 assuming no absorption (solid lines) i.e. 
A =  0.33Ao and assuming absorption of a  =  0.33mm-1 and dividing up into three slices 
with A given by the values in equation 5.29 (dotted lines).
10
1
0.1
1 10 100 10000.1
t ( ps )
Figure 5.10: A comparison between treating the sample as being uniformly excited 
through its thickness (solid lines) and being divided up into three sections of decreasing 
excitation due to sample absorption (dotted lines). The simulation was run for p = 0.3, 
N s =  100 and Thop =  0.007 ps. The values of A ranged from 1 to 100.
We can see th a t the absorption does have an effect on the signal. For a less dense 
sample, in which a  is small, the effect will be less pronounced and for sufficiently small 
absorption could be neglected. However, there would be a corresponding decrease in 
the signal magnitude, which could lead to difficulties in observing the subtle behaviour 
of the reaction-diffusion system.
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5.3.7 Fitting of data using reaction-diffusion equation
We now show the results of fitting the modified reaction-diffusion equation, equation 
5.10, to the long time data shown in figure 5.2. We neglect the ensemble effects in this 
fit for simplicity. The shape is primarily determined by the parameters k, Ns, 4op and 
p (or equivalently tTeact = Zhop/p), with the Poissonian distribution of populations and 
site numbers having little effect.
In order to minimise the number of unknown parameters for this fit, we elected 
to estimate the number of excitons, k, created per SWNT using an absorption cross- 
section approach taken from the literature [33,51] - this is described below. Assuming 
this for k allows us to obtain a value of Ns  (equation 5.10 only allows the extraction of 
the ratio of k/N s)  and hence to estimate a diffusion constant, D, for excitons on the 
SWNT via the equations:
D  =  W ~  = 2NH  ’ (5'33)^hop ■^L'1 s
where we take the SWNT length to be 100 nm, as determined by our collaborators 
at Southampton for the sample used in this study.
The transmission of a SWNT sample can be expressed in terms of the molar extinc­
tion coefficient of carbon, amoi (ApUmp). This was quantified [51] as ^  5 x 105 cm2/mole. 
This is divided by Avogadro’s constant, N a , to give the extinction coefficient per carbon 
atom. Multiplication by the number of carbon atoms in a SWNT, calculated using the 
approach shown in figure 5.11, gives the extinction coefficient per SWNT.
Hence the SWNT extinction coefficient, ckswnt is expressed as:
& m o l  S t t R L  fz.  q a \
“ SWNT~ i ^ ’ ( 5 - 3 4 )
where R  is the nanotube radius, L  is the length of the nanotube and a is the carbon- 
carbon bond length in graphene (1.42 Â). The extinction coefficient of a SWNT c k s w n t  
has units of cm2.
For a typical nanotube diameter of 1 nm, the expression in equation 5.34 gives 
c^ swnt ^  1.2 x 10 18 cm2.
The number of excitons created per unit length of SWNT by an incident pulse of
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Figure 5.11: Diagram showing the means of estimating the number of carbon atoms per 
SWNT. The shaded region has an area of 3\Z3o2/2, and contains two carbon atoms. 
The surface area of the SWNT is 47rRL and a=1.42 Â is the carbon atom spacing.
intensity IpUmp and frequency z/pUmp is given by:
Tii =
(%SWNT
L
‘pum p
hi/.pum p J
(5.35)
where the quantity in brackets is the number of incident pump-photons per cm2 per 
pulse. For the range of pump fluences used: 2.2 x 1014 to
1.3 x 1016 photons/ pulse/ cm2, we have a range of exciton densities of 1 to 146 exci- 
tons/ 1 0 0  nm.
The power used for the trace shown in figure 5.2 was 10 mW, corresponding to an 
estimated exciton density of 52 excitons per 100 nm. As we are assuming a SWNT 
length of 100 nm, this corresponds to an initial exciton number, ft =  52 for the fitting 
procedure. This is set as a constant.
The result of the fitting procedure is shown in figure 5.12.
The values obtained from the fitting procedure are shown in table 5.3.7. From
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Figure 5.12: The result of fitting the 1 ns pump probe data  with equation 5.10. The 
number of excitons, k, was set at 52 based on the absorption cross section approach 
presented in the text.
equation 5.33, we can now use these extracted parameters to obtain an estim ate of the 
exciton diffusion constant, D. In the standard units of cm2/s  we have:
D =  ( 1 0 - T /( 2  x 87^ x 7 x l O ^ )
This gives a value of D =  0.94=1= 0.25 cm2s_1. The value obtained by Cognet 
et al from photoluminescence quenching measurements [102] was 0.4 cm2/s , which is 
comparable to our value, i.e. two very different experimental techniques have led to 
very similar estimates for the ID exciton diffusion coefficient in SWNTs.
The hopping time of ~  7 fs is of the order th a t we would expect intuitively. This 
time represents the time between scattering events undergone by an exciton eg. exciton- 
phonon scattering. The literature has shown [54] th a t E22 excitons relax to the band 
edge at E n  in around 70 fs. This relaxation is determined by similar scattering process,
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Parameter Value Error
Ns 87 6
P 0.3 0.05
Thop 0.007 0 .0 0 1
Table 5.1: The values of parameters extracted from fitting the data shown in figure 
5.12
and one would expect that several scattering events, a few fs apart, would be required 
for the relaxation to occur.
Another result of this procedure is that we have a hopping length of ~  1 nm. This is 
around 30% of the size of a typical exciton as calculated in eg. [22,29]. Again, intuitively 
this is reasonable. We note that it corresponds to a few C-C bond lengths in the SWNT 
structure.
The reaction time for two excitons on the same hopping site, tTeact = t ^ / p  ~  2 4 ± 7  
fs is also extracted from this fit.
5.3.8 Comparison with ‘Quantised Bimolecular Auger Recom ­
bination’ model from literature
As discussed in section 1.3, a paper by Huang and Krauss in 2006 [32] presented 
a ‘quantised’ Auger recombination model to explain pump-probe data on isolated 
SWNTs which entirely neglected exciton transport effects. This model results in a tri­
exponential decay with time constants 50 ps, 3.2 ps and 1.9 ps. The model was taken 
almost in its entirety from a treatment of Auger recombination in quantum dots [103], 
hence the lack of transport effects. This assuming that the exciton mean free path 
was longer than the SWNT. Putting aside the questionable nature of this assumption, 
especially given the recent direct observations of finite exciton excursion ranges in [1 0 2 ], 
we decided to see whether our data could be fit with a tri-exponential decay using the 
same time constants as in ref. [32]. The results are shown in figure 5.13.
As can be seen in the figure, the fit over the first 30 ps is good, though only if the first 
few data points are neglected. This range of times is comparable to that used in [32], 
suggesting that the apparent 50 ps exponential component observed in that paper was 
simply a result of only measuring over a limited delay range; the long time-behaviour 
was quite possibly a t~1/2 decay, as observed by ourselves and in ref. [33], but this was
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Figure 5.13: Our data (2x 1015 photons/ puise/ cm2) fît with a tri-exponential function, 
as used in ref. [32]. The time constants were fixed at the values found by the previous 
authors: 50 ps, 3.2 ps and 1.9 ps
not realised due to the restricted delay range of the fit. The exponential components 
with time constants 1.9 ps and 3.2 ps are indicative of an entry into the reaction-limited 
regime of a reaction-diffusion system, rather than the existence of multiple excitons on 
a SWNT as suggested by Huang and Krauss. We believe th a t they were mistaken in 
applying the theory as used for quantum dots in [103] without taking into account the 
significant differences between ID SWNTs and 0D quantum  dots.
As an alternative approach, we subtracted the lowest power trace from higher power 
traces, before attem pting to fit the resulting traces with exponential components. This 
is shown in figure 5.14. In the low excitation regime, the rem nant signal is approximated 
by a single exponential decay of time constant 2.25 ±  0.2 ps. For higher pump-powers, 
an additional fast component with decay constant r2 =  0.5 ±  0.1 ps is observed when 
fixing the long decay to 2.25 ps. This is a slight variation from the above approach in 
tha t we are not fixing the time constants to those found in [32]. It demonstrates th a t the 
functional form used to fit the long time behaviour, whether an exponential or power 
law, will allows us to fit the early, reaction-limited behaviour, with fast exponential
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Figure 5.14: The early time delay E n  pump-probe data  after subtraction of the lowest 
power trace. D ata shown is for 28 mW and 1 mW pump power. At low powers an 
apparent exponential with time constant 2.25 ±  0.2 ps is seen. For higher powers an 
extra component of time constant 0.5 ±  0.1 ps is required to fit the data.
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5.4 Conclusions
In this chapter we have presented the first evidence of SWNTs acting as an archetypal 
ID reaction-diffusion systems. This evidence is gathered from intensity-dependent 
pump-probe measurements in resonance with the E n transitions of ssDNA-wrapped 
SWNTs in aqueous suspension. We have found that for long delays, the population 
of excitons in the sample follows a t - 1 / 2 decay behaviour. This is the characteristic 
behaviour of a diffusion-limited two body annihilation process, which in this specific 
case of optically-excited SWNTs is ‘Auger-like’ exciton-exciton annihilation.
At short times however, the higher intensity traces show a positive deviation from 
the t - 1 / 2 decay. This is indicative of an entry into reaction-limited regime in which 
the intrinsic annihilation rate is more important than the diffusion rate in determining 
the population decay. We have found that a theoretical model developed by Zhbng and 
Ben-Avraham, with suitable modifications, can be used to model the pump-probe data, 
reproducing semi-quantitatively all the features of the experimental data.
The modifications are required primarily due the bulk system under investigation, in 
which the population of excitons on a nanotube is governed by a Poisson distribution. 
Incorporation of this statistical treatment reproduces the scaling of the pump-probe 
signal at long delays which is not present for the basic reaction-diffusion equation. 
Further modifications due to varying tube length and the absorption of light through 
the sample are found to have a much smaller effect.
Fitting of the reaction-diffusion equation to long range pump-probe data allows us 
to extract a diffusion constant of 0.96T0.25 cm2 /s. This is comparable with the value 
of 0.4 cm2/s  extracted from observations of photoluminescence quenching on individual 
SWNTs recently presented in the literature [102]. The fitting also allows us to estimate 
a reaction time for the exciton-exciton annihilation (Auger) process of 24 ±  7 fs.
Chapter 6
Spectrally-resolved pump-probe 
measurem ents on single-strand  
D NA -wrapped SW N Ts in aqueous 
suspension
6.1 Introduction
Pump-probe measurements reported thus far have used photodiode detection, whereby 
the change in probe transmission, AT, is effectively spectrally integrated, spectral reso­
lution of the transmitted light intensity allows us to simultaneously study the dynamical 
response of a wide range of SWNT species to optical excitation.
One way of obtaining spectrally resolved pump-probe data is to manually scan 
the pump and/or probe pulse wavelengths (by changing the OPA crystal angle and 
adjusting the phase matching condition). A number of scans can then be combined to 
obtain a variation of AT with both time and wavelength. This process is very time- 
consuming however, especially if a large wavelength range is to be investigated. The 
attainable spectral resolution is also limited by the finite spectral width (~  45 nm for 
OPA wavelengths) of the probe pulse.
A much more time-efficient alternative is to use a white light continuum to simul­
taneously probe a wide spectral region. This can be generate straightforwardly as
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described in section 2.5, and is spectrally-resolved using a spectrometer and integrated 
linear photodiode array detector.
6.2 Results and discussion
6.2.1 Linear absorption spectrum
Figure 6.1 shows the absorption spectrum of the ssDNA-SWNT sample in the of E n 
excitonic transitions taken by two different techniques:
•  Using the commercial Cary UV-Vis-IR spectrophotometer, as for the results pre­
sented in chapter 3.
• Measuring the spectral intensity profile of the white light probe pulse with­
out/w ith the sample in the beam, and dividing the former by the latter.
As can be seen from the figure, the two absorption spectra are almost identical. The 
closeness of the two spectra gave us confidence in the alignment and calibration of the 
spectrometer, and therefore proceed with taking differential transmission spectra i.e. 
spectrally-resolved pump-probe measurements.
6.2.2 Spectrally-resolved pump-probe measurements
We now present measurements of the transient, pump-induced absorption spectrum, 
A T(A ,t) of the ssDNA-SWNT sample. The procedure for obtaining these transient 
spectra was described in section 2.5.
The wavelength range probed in these measurements is ~  950 — 1250 nm, covering 
the majority of the 1st excitonic transitions of the HiPco SWNTs present in the sample. 
This range was determined by the groove density on the grating within the spectrometer. 
As fine resolution was not required in our measurements, the lowest groove density 
available, corresponding to the largest wavelength range, was chosen.
Figure 6.2 shows the pump-induced transient spectrum AT(A) for a range of delays, 
r , including a negative delay. The positions of the series of features enumerated 1 to 7 
in the transient absorption spectra in figure 6 .2  correspond exactly to the peaks in the
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Figure 6.1: The linear absorption spectrum of the DNA-SWNT sample in the range 
of E n  transitions. The spectrum was found both from the commercial Cary UV- 
Vis-IR spectrophotom eter (black line) and by white-light transmission measurements 
(red-line).
linear optical absorption spectrum of the sample (figure 6.1). These individual spectra 
can be combined to give a 2D contour plot of A T (A ,r), which is shown in figure 6.3.
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Figure 6.2: The transient absorption spectrum of the DNA-SWNT sample shown at a 
range of probe delays. The numbers denote the features th a t will be referred to in the 
text.
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Figure 6.3: Contour plot of the spectrally resolved pump-probe measurements of 
ssDNA-wrapped SWNTs in aqueous suspension.
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F ittin g  of peaks in tra n s ie n t sp ec tru m
At short delays, A T(t, A) is positive for all A. This is due to the depletion of the ground 
state and filling of final states in the nanotubes - the 800 nm pump radiation is of 
sufficient energy to excite all nanotube species, as no nanotubes have E n  >  1.55 eV. 
The decay behaviour of specific wavelengths within the transient absorption spectrum 
was extracted from the data shown in figure 6.3.
These decays were fit with a power law decay of the form a~bt, as had been observed 
for non-spectrally resolved pump-probe traces. The resulting pump-probe trace for the 
peaks marked in figure 6.2 are shown in figure 6.4. All peaks follow, within error, a 
t “ 1//2 decay behaviour, which is consistent with the diffusion-limited exciton annihilation 
process which we have attributed to the non-spectrally-resolved pump-probe measure­
ments of chapter 5. i.e. the process which dominates the decay of exciton population is 
independent of tube diameter and chirality.
—  o —  Peak 2
— o— Peak 3
— o — Peak 4
— o— Peak 6 _
— o — Peak 7 :
,= 0.49+/-0.02 "
- o -
0.01
1 10
Delay (ps)
Figure 6.4: The extracted pump-probe trace for the features marked in the transient 
absorption spectra of figure 6.2
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Photoinduced absorption
Photoinduced absorption (PA), i.e. negative AT(t, À), is seen at ~  1100 nm. We plot 
A T /T q measured at 1100 nm in figure 6.5. This PA, we believe, is due to absorption of 
the probe pulses by excitons that have previously been excited into the E n levels, as 
shown schematically in figure 6 .6
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Figure 6.5: Photo-induced absorption seen at 1100 nm, plotted on linear axes
The noise on the trace in figure 6.5 is large, such that it is not possible to resolve 
the form of the decay. There appears to be a second increase in the magnitude of the 
PA at around 6  ps, but it is probable that this is simply due to the large noise on the 
signal.
The process shown in figure 6 .6  occurs when the probe photons have an energy, 
^probe =  ^ 2 2  — ^ ii- Of the species identified as being present within the ssDNA- 
SWNT sample, those which have E 22 — E n  lying within the range 950 - 1250 nm are 
shown in table 6 .1 .
We see PA at 1100 nm, which is closest to the energy found for the (9,2) species. 
It is probable that we only see the PA at this wavelength because no E n  transitions
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Figure 6 .6 : A schematic picture of the process responsible for the negative transmission 
change observed around 1100 nm in figure 6.3. Excitons that have previously been 
excited by the pump beam can be promoted to E22 energy levels if Epr0be =  E22 - E n, 
assuming that the excitons rapidly relax to the E n levels (dotted line)
Species (n,m) E22 - E n  (eV) Corresponding À (nm)
(7,3) 1.208 1028
(9,2) 1.164 1068
(8,4) 0.982 1256
Table 6.1: The SWNTs whose energy levels are such that E22 - E n lies in the range of 
energies being probed by the white light continuum
are present here. We believe the PA is present at the wavelengths listed in table 6.1, 
but is dominated by the strong PB signal and therefore not seen. This combination 
of PA and PB signals will complicate the interpretation of pump-probe data around 
these wavelengths. For the results presented in chapter 5, the wavelength was 1190 nm, 
which is far from the E22-E11 energies and PA should therefore be much smaller than 
the PB contribution.
Comparison of integrated transient spectrum  to  linear absorption spectrum
We integrated the transient spectrum in figure 6.3 over the whole delay range. The 
resulting integrated spectral profile is shown in figure 6.7, along with the background- 
subtracted linear absorption spectrum. We expected that there would be resonant
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enhancement of the peak at 1190 nm, since we are exciting at the E22 energy (800 nm) 
for the (11,3) tube which is found within this peak.
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Figure 6.7: The result of temporally integrating the transient specrum shown in figure 
6.3, along with the linear absorption spectrum (from fig 6.1). The positions of the peaks 
are the same, but the relative weights and sharpness differ significantly.
Excitons are created on all SWNT species when the bulk sample is exposed to 800 
nm (1.55 eV) radiation, since 1.55 eV > E n  for all (n,m). However, the most species 
are excited non-resonantly since they have no Van-Hove singularities at exactly 1.55 eV. 
The excitons are created non-resonantly in the E n  (E22 sub-band for EpUmp < 1.55 eV 
(> 1.55eV). The photo-created exciton density on these non-resonantly excited SWNTs 
is therefore expected to be lower. From section 3.3.1, the SWNTs corresponding to the 
strongest peak at 1140 nm are (7,6), (9,2) and (8,4). The E22 energies of these species 
are 1.914 eV, 2.251 eV and 2.105 eV respectively (648 nm, 551 nm and 589 nm), so 
these species are definitely not resonantly excited.
The lack of the expected resonance could indicate a coupling between 7r-plasmons 
and excitons. The vr-plasmon background is a very large component of the absorption
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spectrum, and is relatively insensitive to the chirality of a SWNT compared to the inter- 
subband absorption component. The issue of exciton-plasmon coupling in SWNTs has 
recently been addressed by Bondarev et al [104], in which they find that strong coupling 
is possible. The decay of 7r-plasmon oscillations was addressed theoretically in ref [105], 
in which it was found that the oscillations persist for only ~30 fs after the excitation 
pulse has left the sample. The plasmon-exciton interaction will therefore not affect 
the decay of AT. However, it could have a strong effect within the duration of the 
pump-pulse.
Evidence for chirp in w hite light continuum
Extraction of the pump-probe data in figure 6.4 required accounting for the ‘chirp’ in 
the pulse. This can be seen clearly at early delays in figure 6.3 from the slope of the ‘to’ 
position with wavelength. The continuum is positively chirped, such that the longer 
wavelengths lead the shorter.
If we look at the set of transient spectra in figure 6.2 , at -0.07 ps there is evidence 
of pump-induced transmission change only at the shortest wavelengths. This is because 
the pump pulse arrives before the shorter wavelengths at the trailing edge of the probe 
pulse, but after the longer wavelengths at the leading edge. This positive chirping effect 
has previously been reported for white light continuum generation in sapphire [106].
For clarity, a magnified picture of the early delays is shown in figure 6 .8 , plotted 
against frequency rather than wavelength. The instantaneous frequency in the white- 
light continuum probe pulses varies approximately linearly over the wavelength range 
shown in figure 6 .8  i.e. the pulse is linearly chirped.
The chirp can be determined from the gradient of the peak in AT as a function of 
frequency, shown by the red dashed line in the figure. This gradient is 185 ps™"2, which 
if we assume that the chirp in the pump pulse is negligible, represents the chirp in the 
white light probe pulse.
Although the spectrally resolved pump-probe experiment as it stands is a convenient 
means of obtaining a qualitative picture of the exciton decay in SWNT samples over 
a broad wavelength range, the reduction in signal to noise as compared to the stan­
dard pump-probe technique means that improvements to the experimental set-up are
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Figure 6.8: A close-up of the early delay part of figure 6.3, plotted vs frequency and 
delay.
required before true quantitative interpretation is possible. We have started to make 
such improvements, but time limitations mean th a t their influence will lie beyond the 
scope of this PhD. Inclusion of a computer-controlled shutter to rapidly block/unblock 
the pump-beam, and incorporation of this into a Labview program will allow much 
more rapid and easy data acquisition than in the semi-manual approach used thus far.
6.3 Conclusions
In this chapter we have presented spectrally-resolved pump-probe measurements of 
an aqueous suspension of ssDNA-wrapped SWNTs. This technique presents a rapid 
means of monitoring the photoexcitation over a wavelength range covering the bulk of 
E n  excitonic transitions in the constituent HiPco SWNTs. Initial measurements have 
shown tha t decays consistent with the modified t -1//2 behaviour presented in chapter 5. 
This power law decay is seen for all semiconducting SWNT species, whether resonantly
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or non-resonantly excited, and for all species it is, within error, a £- 1 / 2 relationship. 
This suggests that the process governing the decay of exciton population is independent 
of SW N T diameter and chirality.
There is also evidence of photo-induced absorption in the transient spectrum, which 
is attributed to absorption from E n to E22 within the (9,2) species. The contribution of 
PA is expected to exist at a range of wavelengths, but its contribution is undetermined 
due to the larger contribution of photobleaching over the wavelength range studied.
As yet, the experimental set-up is not sufficiently optimised as to allow fully quan­
titative interpretation of data. For example, it would be desirable to obtain sufficient 
signal-to-noise ratio such that the cross-over between reaction-limited and diffusion- 
limited annihilation is observable for all the peaks. This technique could then resolve 
differences in the transport properties of excitons created on different SWNT species.
Chapter 7
Pum p-probe m easurem ents of 
SW N T ‘Bucky-Paper’ and 
multi-walled carbon nanotube films: 
the effect of bundling
7.1 Introduction
In this section we present the results of pump-probe measurements of nanotubes de­
posited directly on solid substrates. These results provide a contrast with the measure­
ments of SWNT suspensions which have been the focus of the results presented thus far. 
In these ‘deposited’ samples, the nanotubes are found in a far from isolated state. Each 
nanotube is in extensive contact with many other nanotubes. The many inter-tube in­
teractions that therefore exist complicate the relaxation pathways for photoexcitations 
in the sample.
The samples used were a SWNT ‘bucky paper’ and a multi-walled carbon nanotube 
(MWNT) ink, drop-cast on to a glass slide. MWNTs can be thought of either as a series 
of concentrically arranged SWNTs of increasing diameter, or a single graphene sheet 
wrapped into a ‘parchment-like’ structure. A bundled SWNT sample is therefore not 
dissimilar to a bundled MWNT sample, in that there are multiple interactions between 
tubes of different chiralities and diameters.
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We will see in section 7.2 th a t the photoexcitation dynamics for the deposited nan­
otubes are very different to what is observed for isolated SWNTs in suspension. We 
will discuss the possible reasons behind these dynamics in section 7.3.
7.2 R esults
7.2.1 B u cky  P aper
‘Bucky paper’ is formed by filtration of SWNTs from dispersion. It consists of bundled 
SWNTS, and has a laminar structure with the orientations of the bundles of tubes 
being random in the plane of the sheet.
A degenerate pump-probe trace taken with the beams incident upon an area of 
roughly 10% transmission in the non-uniform bucky paper sample is shown in figure 
7.1. It can be seen immediately in this figure th a t the photoexcitation decay in bucky- 
paper is much faster than th a t in any of the SWNT solutions.
- Experimental data 
Gaussian fit to -ve delay 
w = 0.117 ps
- Exponential fit to +ve delay: 
t  -  0.17 ps1E-3-
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Figure 7.1: Degenerate pump-probe trace at 800 nm taken on bucky paper. D ata 
shown on a semi-logarithmic scale. Blue line: Gaussian fit to pulse rise time (negative 
delay), giving a Gaussian width, w, of 0.117 ±  0.004 ps. Red line: exponential fit to 
the positive delay side of the trace, giving a decay time r  of 0.171 ±  0.002 ps
Measurements were also taken using the OPA output, tuned to 1175 nm. The pump
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power was altered using a variable ND filter wheel, to give photon fluxes of 7.2, 4.5, 2.9 
and 1.8 x 1015 photons/pulse/cm 2 respectively. The results are shown in figure 7.2a 
on semi-logarithmic axes and in figure 7.2b on double-logarithmic axes.
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Figure 7.2: Pum p fluence dependent degenerate pump probe measurements a t 1175 nm 
on the bucky paper sample. D ata is shown on semi-logarithmic axes (a) and double 
logarithmic axes (b).
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7.2.2 D rop-cast M W N T  ink
In this section we present results of degenerate pump-probe measurements of MWNTs 
simply drop cast onto a glass slide. Again, an ultrafast decay of the photoexcited 
excitons was observed, as shown in figures 7.3 and 7.4. Of these, figure 7.3 is plotted on 
semi-logarithmic axes, and is fit with a bi-exponential decay function. The components 
of the bi-exponential decay have time constants of 0.12 ±  0.04 ps and 0.78 ±  0.30 ps.
1E-3
Experimental data 
Gaussian pulse shape 
Bi-exponential fit 
t1 = 0.12 ps, t2= 0.70 ps
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Figure 7.3: Degenerate pump-probe trace from drop-cast MWNT ink on glass slide. A 
=  1175 nm. The blue line shows a Gaussian fit to the rising edge of the trace. The 
green line shows a bi-exponential fit to the positive delay side of the trace.
Figure 7.4 shows the same data plotted on double logarithmic axes. In this case, 
the data  has been fit using a power law decay, t~ a . The extracted value of a  is 1.3 =E 
0.05.
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Figure 7.4: The same data as in figure 7.3 but shown on double-logarithmic axes. Again, 
the blue line represents the Gaussian pulse shape. The green line shows a power law 
decay fit to the data.
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7.3 Interpretation
Figure 7.2 shows the photoexcitation decay in Bucky paper at 1175 nm, in the region 
of the E n  transition of the constituent HiPco SWNTs. We can see in (b), on double 
logarithmic axes, that the data can be reasonably fit by a 1 /t decay. This functional 
form is suggestive of exciton-exciton annihilation with a time-independent rate constant, 
7 a , as discussed in section 1.4.2 and described by equations 1.21 and 1.22. This suggests 
that the random walk undergone by excitons is of dimensionality d > 2. This contrasts 
with the one-dimensional (d =  1 ) diffusion-limited reaction used to explain the £- 1 / 2 
photoexcitation decay in isolated nanotubes.
Such a distinction is not unexpected, given the nature of our samples. An exciton 
created on a SWNT within the film is not constrained to move only along the initial 
SWNT. The close proximity of other nanotubes opens up the possibility of intertube 
exciton transfer, and therefore a three dimensional random walk through the sample. 
Excitons can migrate through the bulk sample until an encounter occurs, resulting 
in Auger recombination, exactly as was the case for the ID diffusive case. The only 
distinction is due to the different dimensionality of the random walk, as discussed in 
sections 1.4.2 and 1.4.2.
However, this explanation is only very tentative. We can see in figure 7.2(a) that 
the data may also be fit using two exponential functions. This would suggest a different 
dominant mechanism, such as quenching by metallic SWNTs, or perhaps a combination 
of the annihilation and quenching mechanisms. The low S/N ratio on our data suggests 
that samples of increased uniformity and thickness would lend themselves better to 
distinguishing between possible mechanisms.
The only previously published pump-probe data for MWNTs [107] was fit with a 
bi-exponential decay with decay times of ~  250 fs and ~  2 ps. The 250 fs component 
was identified as an autocorrelation, while the 2 ps component was assigned simply 
as the recovery time-scale of the excited ^-electrons in the MWNT film. A tentative 
explanation of relaxation through charge transfer via coherent tunneling processes to 
‘neighboring metallic tubes’ was proposed as the physical origin of this component. It 
is also unclear what is meant by ‘neighbouring’ in this context, given the concentric 
nature of MWNTs. Figure 7.3 shows that our data can be fit with a bi-exponential decay
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function, with the time constants ~  2 — 3 times shorter than that obtained in [107]. 
Given the relatively poor quality of the data, which results from the non-uniformity of 
the drop-cast film.
7.4 Conclusions
It is clear from the measurements presented in this chapter that photoexcitation decay 
in deposited nanotubes, whether single-walled or multi-walled, is much more rapid than 
in isolated SWNTs. This is consistent with the observations of other groups.
The bucky paper pump-probe data can be fit with a \ j t  relation, which we tenta­
tively suggest could indicate exciton-exciton annihilation with a time-independent rate 
constant. This is consistent with exciton diffusion in three dimensions, throughout the 
bulk SWNT ‘m at’ (as seen in section 1.4.2). The relatively low S/N ratio for the data 
means we cannot exclude alternative explanations, since an exponential decay can also 
be fit to the data. It is likely that quenching of excitons by metallic SWNTs within 
the bulk sample occurs, which may play an important role. Similar behaviour is seen 
for MWNTs drop-cast on a glass slide. In order to have more confidence in the re­
sults, deconvolution should be applied to the data, as the rise time is not negligible in 
comparison to the observed decay times.
Further work using more uniform samples would allow a better determination of 
the decay behaviour, and hence a more definite determination of the dominant physical 
processes.
Chapter 8
Conclusions and Further Work
In this thesis we have presented a range of measurements on various SWNT samples. 
These samples have shown a range of interesting effects, which are of interest in terms 
of both fundamental physics and potential applications.
Linear absorption spectroscopy has shown that well-isolated suspensions of SWNTs 
can be obtained via wrapping with ssDNA or by incorporation into NMP, an organic 
polar solvent. The isolated nature of these SWNTs minimises inhomogeneous broaden­
ing of excitonic transitions, and therefore allows us to identify the constituent SWNT 
species. Shifts of energy levels are observed dependent on the means of isolation, which 
is explained in terms of the different dielectric screening experienced by the SWNTs. 
It has also been seen that significant damage to SWNT side-walls during acid reflux 
leads to significant inhomogeneous broadening. Therefore, despite their high degree of 
isolation, these oxidised SWNTs can not be identified as specific species.
The Z-scan non-linear optical experiment has been used in the characterisation of 
the SWNT suspensions. It was hoped that these measurements would offer a rapid and 
accurate means of obtaining the non-linear refractive index, 7 , of the SWNTs. However 
it was found, through variation of SWNT concentration and laser repetition rate, that 
thermal leasing (thermo-optic non-linearity) was problematic in this determination. In 
addition, the non-linear refractive index of the cuvette in which the samples were held 
is a barrier to determining 7  when the thermal effect is reduced via minimisation of 
the repetition rate. For the ssDNA-SWNT sample, a saturable absorption was seen, 
from which we obtain a value of /3, the non-linear absorption coefficient, around 4 times
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smaller than that observed for larger diameter laser ablated SWNTs. This is consis­
tent with theoretical predictions that non-linear effects should increase with increasing 
diameter.
Power-dependent pump-probe measurements have revealed very interesting decay 
behaviour for excitons in ssDNA-SWNTs. Two regimes have been observed at short and 
long timescales, and the cross-over between these regimes has been interpreted in terms 
of a reaction-diffusion framework. Long time-scale £-1/2 behaviour is characteristic of 
diffusion-limited exciton-exciton annihilation, while deviation from this decay at high 
powers and early delays is attributed to a transition into reaction-limited annihilation as 
the excitons become very closely spaced along the SWNT. Modification of a theoretically 
derived expression for a generic ID reaction-diffusion population has allowed us to 
perform global fitting procedures on our power-dependent data. From this fitting, we 
have estimated the diffusion constant as being ~0.95 cm2/s, in good agreement with a 
recent estimate from time resolved photoluminescence quenching [102].
Extension of the pump-probe technique to incorporate spectral-resolution is in a 
developmental stage. Initial results have proved that the technique is potentially very 
useful, allowing us to probe simultaneously the majority of SWNT species within a 
suspension. The strongest peak in the transient absorption spectrum shows a £-1/2 
decay, as found from the non-spectrally-resolved measurements of the previous chapter. 
This technique also reveals the ‘chirp’ of the white-light probe pulse.
Our observations suggest that there is a fundamental limit to the usefulness of 
SWNTs in photonic devices. Auger recombination, or exciton-exciton annihilation, 
reduces any excited population rapidly and reduces the feasability of devices which rely 
on radiative recombination as a physical mechanism i.e. light emitting devices, such 
as LEDs or lasers. This factor will dominate at high carrier densities. The previously 
identified dark excitonic states discussed in chapter 1 are an additional factor which 
limit the radiative efficiency of SWNT-based devices.
Another important consequence for applications is that isolated SWNTs have a long 
time-scale power law decay component. For applications in optical switching devices, 
and in saturable absorber mo delockers, an ultrafast recovery of the optical non-linearity 
is required, so SWNTs in this form are of little use. It is only when they are allowed to
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interact with one another, in the form of bundled ‘m ats’ (e.g. bucky paper), that the 
desired ultrafast decay is seen, due to the presence of metallic tubes and/or the bulk 
nature of the exciton diffusion.
There is much scope for further work in the areas investigated in this thesis.
The Z-scan technique has been found to be limited when studying suspensions of 
SWNTs, due to the dominance of thermal effects. However, there is a potential supply of 
chalcogenide glass-encapsulated SWNTs from our collaborators in Southampton. This 
avenue of research was hoped to be well underway at this stage, but serious ‘operational 
difficulties’ (a major fire), led to the delay of sample supply. With the manufacturing 
facilities coming back on line, initial samples have been of disappointing quality* but 
it is hoped that optimisation of the growth conditions will provide samples suitable 
for non-linear optical characterisation. The reduced thermal leasing effect in a glassy 
solid as opposed to a liquid host should allow more accurate determination of the Kerr 
non-linearity of SWNTs.
The reaction-diffusion interpretation of pump-probe data is at an advanced stage, 
yet there is scope to extend it further through study of a range of samples and further 
development of the theory.
There are still several unanswered questions. For example, the transition to a regime 
in which mono-molecular decay mechanism, such as radiative recombination or recom­
bination at traps, has not been obvious in our results, and should be considered in 
a complete theoretical model. Ideally, a complete framework in which both this, and 
an explicit consideration of the discrete nature of excitons are included, will be de­
veloped. The adaptation of the model of Zhong and Ben-Avraham has given us a 
semi-quantitative insight, but an in-depth theoretical investigation would lead to a 
more tailored model and a more detailed understanding.
Although preliminary spectrally resolved pump-probe measurements have suggested 
that a t -1/2 decay is seen for excitons on all SWNT species, a more careful investigation 
could reveal more information. Either through optimisation of the spectrally resolved 
technique, or through resonant pump-probe, we could obtain a value of D  for the various 
SWNT species and possibly see trends with diameter and/or chirality.
Theoretical investigation into the details of the Auger process itself are another
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likely area of future work. For example, what is the role of the final state, to which 
one of the excitons is promoted, and is there a theoretical framework in which we can 
explain the reaction time of ~  24 ps extracted from our data-fitting?
Considering all these areas, we feel that the work presented in this thesis provides 
the foundation for many future investigations.
A ppendix A  
Literature assignm ents of (n,m) 
SW N T species
The optical transition energies of semiconducting (n,m) species were characterised first 
by Bachilo et al [17], via excitation-fluorescence measurements, as described in section 
1.2.3. From this experimental data, empirical functions relating transition energies to 
the diameter, dt and chiral angle, a  of the SWNT were derived and later fine-tuned [19]:
M m o d i )  =  +  - 771cm“l[C0SS | S  '■(A.l)
"ll(mod2) =  157.5 + i L w ,  +  347cm“ltCOSi p ]  . (A-2)
P22(mod 1) -  145 ^ I  f 75 7dt +  1326cm-1 [c0s^ ]  (A.3)
^ (m o d 2 )  -  145]  * f —  -  1421cm-1 —  (A.4)
where i?aa(modb) refers to the Eaa transition energy in a SWNT with indices (n,m) 
such that (n-m) mod 3 =  b. The energies and wavelengths for SWNTs are tabulated in 
table A.I. The full set is included for completeness.
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(n,m) Wi A22 En E22 (n,m) An A22 En E22
(5,4) 835 483 1.485 2.586 (H,4) 1371 712 0.904 1.740
(6,1) 653 632 1.900 1.962 (11,6) 1397 858 0.887 1.446
(6,2) 894 418 1.387 2.963 (H,7) 1516 836 0.818 1.484
(6,4) 873 578 1.420 2.146 (11,9) 1617 947 0.767 1.310
(6,5) 976 566 1.270 2.190 (11,10) 1702 969 0.729 1.280
(7,0) 962 395 1.289 3.139 (12,1) 1170 799 1.060 1.552
(7,2) 802 626 1.546 1.981 (12,2) 1378 686 0.900 1.807
(7,3) 992 505 1.250 2.457 (12,4) 1342 855 0.924 1.450
(7,5) 1024 645 1.211 1.921 (12,5) 1499 793 0.827 1.563
(7,6) 1120 648 1.107 1.914 (12,7) 1545 930 0.803 1.333
(8,0) 776 660 1.598 1.878 (12,8) 1657 917 0.748 1.353
(8,1) 1041 471 1.191 2.632 (12,10) 1765 1024 0.703 1.210
(8,3) 952 665 1.303 1.863 (12,11) 1848 1049 0.671 1.182
(8,4) 1111 589 1.116 2.105 (13,0) 1384 677 0.896 1.831
(8,6) 1173 718 1.057 1.727 (13,2) 1307 858 0.949 1.446
(8,7) 1265 728 0.981 1.702 (13,3) 1498 764 0.828 1.624
(9,1) 912 691 1.359 1.794 (13,5) 1487 922 0.834 1.344
(9,2) 1138 551 1.090 2.251 (13,6) 1632 874 0.760 1.419
(9,4) 1101 722 1.126 1.716 (13,8) 1692 1004 0.733 1.234
(9,5) 1241 672 0.999 1.845 (13,9) 1799 997 0.689 1.243
(9,7) 1322 793 0.938 1.563 (13,11) 1994 1128 0.648 1.125
(9,8) 1410 809 0.879 1.533 (13,12) 1994 1128 0.622 1.099
(10,0) 1156 537 1.073 2.307 (14,0) 1295 859 0.957 1.443
(10,2) 1053 737 1.177 1.683 (14,1) 1502 748 0.826 1.657
(10,3) 1249 632 0.993 1.963 (14,3) 1447 920 0.857 1.347
(10,5) 1249 788 0.993 1.574 (14,4) 1623 842 0.764 1.472
(10,6) 1377 754 0.900 1.644 (14,6) 1633 992 0.759 1.250
(10,8) 1470 869 0.844 1.426 (14,7) 1768 955 0.701 1.299
(10,9) 1556 889 0.797 1.395 (14,9) 1840 1080 0.674 1.148
(11,0) 1037 745 1.196 1.665 (14,10) 1942 1078 0.638 1.150
(11,1) 1265 610 0.980 2.032 (14,12) 2059 1180 0.602 1.050
(11,3) 1197 793 1.036 1.564 (14,13) 2141 1208 0.579 1,026
(15,1) 1426 920 0.869 1.357
Table A.l: Spectral assignments of (n,m) single-walled carbon nanotube species made 
by Bachilo et al [19]. Wavelengths are in nm and energies in eV.
A ppendix B
OriginC fitting functions for 
pump-probe data
This appendix contains the Origin C functions which were used to simulated the pump- 
probe data of chapter 5. The parameters used in the functions are:
• thop, the hopping time.
• p, the reaction probability (=  thopAit)
• A, the mean number of excitons created per tube
• Ns, the number of hopping sites per tube
Summation over the index k takes into account the contributions of tubes with 
differing initial exciton populations due to the stochastic nature of the process. In 
function B the summation over N s  accounts for the differing tube lengths.
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Function A: accounting for the ensem ble
In this function we sum over a Poissonian distribution of exciton numbers, defined 
by equation 5.13. The upper limit of the summation is denoted by Max_k.
in t i;  
in t k;
double factoria l_k ;  
double Term_k; 
double temp_term; 
double Sum_Max_k;
Sum_Max_k=0;
for (k= l; k<=Max_k; k++)
{factoria l_k = l;
for (i=k; i>0; i —) {fa cto r ia l_ k = fa cto r ia l_ k * i;>
temp_term= (2*p*Ns/3. 14/k+l-p) 's2+4*p"2*x/3. 14/t_hop ; 
Term_k=lambda''k*exp (-lambda) /  f  actorial_k*
(l-p+temp_term"0. 5 ) / (p*Ns~2/3. 14/k"2+(l-p)*N s/k+p*x/t_hop)/2; 
Sum_Max_k+=Term_k;
>
y=Ns * Sum_Max_k
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Function B: accounting for the ensem ble and length distribution
In this function, we define X^s (lambdabar) as the mean number of excitons induced 
on a tube of the average length defined by Ns  (Nsbar) within a Poissonian distribution 
of ‘lengths’ , N s (Ms).
Parameters : A, Max_k, lambdabar, Max_Ns, Nsbar, p, t_hop
in t i;  
in t k; 
in t Ms ;
double lambdaNs; 
double factoria l_k ;  
double fa cto r ia l_ N s; 
double Term_k; 
double temp_term; 
double Sum_Max_k; 
double Sum_Max_Ms;
Sum_Max_Ms=0;
for (Ns=l; Ns<=Max_Ns; Ns++)
{ factorial_N s=l; for (i=Ns; i>0; i —) {factoria l_N s= factoria l_N s* i;> 
Sum_Max_k=0;
lambdaNs=lambdabar*Ms/Nsbar; 
for (k= l; k<=Max_k; k++)
{ factoria l_k = l; for (i=k; i>0; i —) { fa c to r ia l_ k = fa cto r ia l_ k * i;>
temp_term= (2*p*Ns/3. 14/k+l-p)'‘2+4*p''2*x/3. 14/t_hop ;
Term_k=exp(-lambdaNs)^lambdaNs^k/factorial_k*
(l-p+temp_ternrO. 5 ) / (p*Ns"2/3. 14/k"2+(1-p)*Ns/k+2*p*x/t_hop)/2 ;
Sum_Max_k+=Term_k;
>
Sum_Max_Ns+=exp(-Nsbar)*Nsbar"Ns/factorial_Ns*Sum_Max_k; 
}
y=Ns * Sum_Max_Ns
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Function C: accounting for the ensem ble and 
sample absorption
This function divides the sample into three sections as described in figure 5.9
in t i;  
in t k ;
double factoria l_k ;  
double Terin_kl ; 
double Term_k2; 
double Term_k3; 
double temp_terml; 
double temp_term2; 
double temp_term3; 
double Sum_Max_kl; 
double Sum_Max_k2; 
double Sum_Max_k3;
Sum_Max_kl=0;
Sum_Max_k2=0;
Sum_Max_k3=0;
for (k = l; k<=Max_k; k++)
{ fa c to r ia l_ k = l;
for (i=k; i>0; i —) {fa cto r ia l_ k = fa cto r ia l_ k * i;>
temp_terinl=(2*p*Ns/3.14/k+l-p)''2+4*p"2*x/3.14/t_hop;
Term_kl= (0 .83*lambda) ''k*exp (-lambda*0.83) / f  actorial_k*  
(l-p+temp_terml''0. 5 ) / (p*Ns~2/3. 14/k"2+(1-p)*Ns/k+p*x/t_hop)/2 ;
Sum_Max_k1+=Term_k1;
temp_term2=(2*p*Ns/3. 14/k+l-p)"2+4*p"2*x/3 . 14/t_hop;
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Term_k2= (0.51*lambda)~k*exp(-lambda*0 .5 1 )/factor ia l_k *  
(l-p+temp_term2"0. 5 ) / (p*Ns"2/3.14/k''2+(1-p)*Ns/k+p*x/t_hop)/2;
Sum_Max_k2+=Term_k2;
temp_term3=(2*p*Ns/3.14/k+l-p)~2+4*p~2*x/3. 14/t_hop;
Term_k3= ( 0 .15*lambda)'‘k*exp(-lambda*0.1 5 )/factoria l_k *  
(l-p+temp_term3"0. 5 ) / (p*Ns"2/3. 14/k"2+(1-p)*Ns/k+p*x/t_hop)/2  ;
Sum_Max_k3+=Term_k3;
>
y=Ns*( 0 .13*Sum_Max_kl + 0 .20*Sum_Max_k2 + 0 .67*Sum_Max_k3)
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